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VIU 


CONTENTS. 


tan (a 


2. As the simplest trial, assume /j, tan 6 = ^ (tan a))^ 

1 -r 


under the conditiom /n~^ = l4-r, A = 


1+r 


This succeeds 
, r = h = J{\-c^\ that is 4 = Cj of 
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l — mv^ , . . . 
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^ 1 - nv^ 

m “ 1 

2. Thence conditions, = muj 
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er A J ^ i. mu cos^ l-i;2cosec2a 
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^ ° cos (o 1 - nv^ 

6. By double inversion which we can justify, we further obtain 

A (JkS) _ 1 ~ sin^jS 
A (co)) I - cV sin^a 
(3m -n)v^+ mnx^ 
dv 


7. 


8 . 

9. 

10 . 

11 , 

13. 

14. 
16, 
17. 


Further = - 


Cor. /i=c3 (sin a)^. 

; which by the law of Trisection in 


(1 - nv^)^ 

Chapter iv. we now identify with cos~' whence fiF(hB) = F(cie>), a 

correct solution. 

An obverse second solution follows, in close analogy to that of Gauss’s from 
Lagrange’s. 

A new trigonometrical relation tan . =A(c^) tan a,, for more simply 

deducing B from given c, «. 

A second new solution for B. • 

12. Relation of the constants to Legendre’s Regulator fi. 

To find 


dfjL 

dp 


Deduction of from Kc 

16. Elaborate deduction concerning O (<?a>) and G (hB). 
Final equation (ca,) - ^ d) = | log (1 - sin^ sin^c*). 
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metry. The Two Pronomi S {q, v)y v) with q the Basis < 1 . 

(l-g2n^2) 


In infinite Products, 




(1 — > 




(l-j2n- 

where means 1, 2, 3, 4... &c. 


1^-2) > 


2 , 3. First properties of /S, T. Hence, with v = € 




the Synnomi. 


4. In series of terms we deduce (with Q=(f)(q) an unknown function of q) 

/S’ = § {(v-v~^)-q^-‘^ (v^ - + (v^ ^ v~^) - &c.} , 

T=:Q{l-q^-^v^ + v-^) + q^-^v^ + v-^)-&c,}. 

8 . A {q, x) ==*2^ (sin * 2 sin 3.r + ^ 2.3 5 ^ _ y 

e (^, ^) = 1 - 2 ^^ • ^ cos 2a; + 2q ^ • 2 qqq . cos 6 a? + &c., 

with results for a?= 0 , a?=^ 7 r. 

13. A and e deduced from S and T as infinite Products yield a result in n 
factors, where and ma; replace q and a?. 

A special deduction for m = 2 first concerns us, whence by several steps we 
elicit 1 = (1 - ^ 2 ) . (1 ^4) . (1 ^ . (1 ^ ^ 8 ) , &c. 

Also if X = a( 2 ' 2 , ^tt) and 6 — e{q% ^tt), we infer 

A 2 = X.e( 22 , 2a74-i7r)-^. A( 2 ' 2 ^ 2 a? + ^7r), 

02 = 0 . 0 (q^y 2a7+i7r) -X . A {q% 2a?+ ^tt). 
dA . dA^ 


20. Proof that A® . 


- A . ^ X 0 { q^y 2x ) ; if A« means A (^tt - a?). Next we 


prove that the left-hand = A^ (^rr) . 0 . 0 ^. 
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a 2 + 6a®2=c 02, effecting transition to Elliptics; with 

“ e (f,% ! 2 = * ~ if P Promodulm. 


29. 


With new arc o), let ^Jh tan a)=^ ; then F{Cy <i>) = Ca;, 


30. If 0 be to c and y, what w is to c and a?, and such be ij to Cj (of Lagrange’s 
scale) anda?+y; then =a?-fy=:~ ^— -f — which contains the 

main integrals of Ch. iv. and Ch. v. 
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i5.t/(ca)) = l - n(cM;) + (n.a. 7r~a;-p. a. 

4*(n®. 27r-^-n® . 27r+^) 

+ (n^. ^TT-X-^a. ^+.2?) +&C., 

whore ^ stands for the Anticyclic (1 - Tan). 

G 

The last evades the fraction of Art. 26, but the multiplier probably 

outweighs the advantage. 
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71-1 

-2-* 
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9—11. Proof that for every index /3 the if = - . 
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n Tv 
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f dx 
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which issues our Paranome; but with p possibly of the form ?n-hns/-l^ 

6. When 1+p is positive the Paranome may be Complete^ i.e. x may reach ^tt. 

7. Sometimes (co)/?) is here written for F(c<t>) - n (ccajo). 

Till I get a better name, I say to myself, “ F- E is the First Excess and 
F-IL the second Excess^^ 

Legendre first shewed that with a circular parameter no Paranome is gener- 
ally reducible to two elements. But by our known integral “] the reduction 
is here given, where p has the form - sin^^. 

8 — 10. Legendre’s reduction of the imaginary parameters, in a pair. 

11. Species of the two new Parameters, which replace the given jiair. 

12. Reciprocal parameters pq — 

13. Conjugate parameters : (1 -l-jt?) (1 - r) = 

14 Equation of Conjugate Voxo^nomes) deduced from 

( V — - /l-'i^ 

i~v2*y 1-cV 

15. Addition of Paranomic integrals. 

16. Application to the Paranome. 

17, 18. Two cases arise, separated by T={l+p){l-hc^p''^) positive or negative. 
^T.U is here called the Hypernome. 

19. The function T is Diacritic of parameters, dividing them into Legendre’s 
‘‘logarithmic and circular.” When p is positive, say p=cot^^lr and 
y-i-l«sin2^o. 


”” sin^^* sin^^^Q* 

T'^b^sin^yfr . sin^^p and y/T. 

21. Complete Hypernome - c^sin^^ and T negative. 

22. Complete Hypernome with positive py positive. y. 
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23. Complete Hypemome with p negative and T positive, 

24. Reciprocal Hypernomes. 

25. 26. Complete Hypemome developed in series, when/?— — c^sin^^. 
27. This can be adapted also to p positive. 


CHAPTER XI. 


Paranome with Three Irreducible Elements. 


1. The ParanomwcM5 P = n - So ^/TR the //yjoemomiscus. 

2. Case of p infinitesimal. 

3. Or p positive and infinite. 

2 

4. Reciprocal Hypernomisci O = a / TP (ctop), = , P {cmj), 

3 

5. Conjugate Hypernomiscus with Q=JTP(c^ -r). 

6. Between the last we may eliminate. Thence, 


collectively, < 


cot {Q + O + ==sin yjr sin 


bcost 


cos 0)' 

X • • ftCCOSl/r 

tan {O - O) = sin a> sin o)® — 


,0 > 


tan {G + fit + ^} = ^ 


cos^Z/'o ’ 
sin yjr 


sin * sin ’ 


7. Theorem. We may change -r into its conjugate +/? in c, if at the same 
time we change o into - a>^. 

9, 10. Commutation of Logarithmic Hypernomisci. In fact - - T , P (ctup) 

may then take the form, symmetrical as to and 


sin %v . sin , sin 4^ . sin 4^ , sin 6^ . sin 6t 


H-&C. 


Sin 2p 2 . Sin 4p 3 . Sin 6p 

11. Theorem, This series, rightly applied, gives a solution of our general 
problem for Hypernomisci with circular parameter ; even in worst case of 

^ sin 2.r sin4r sin 6a; « 

convergence yielding ,, vs -— + o : + ^ « + «c. 


12—14. 


2 Cos p 4 Cos 2p 6 Cos 2p 
With circular parameter we may also use Lagrange’s scale, and obtain 


ffc 4-0 = 0 , 0 = 2 . 2-»‘ . tan“i (Vi>,»sino)J where n=l, 2, 3, 4. 

14. Lagrange’s method of dealing with pPiP 2 -” (needed previously also). 

17. Variation of JO. 

18. Corroboration of Ch. x. Art. 22. 

2 3 

21. Final equation ^ tt {O - = ( Jjt - y. 

23. Hence also {0 + 'J"} = (i7r~a;)(^7r“y). 

All difficulty about a large modulus c is now evaded. 




PEELIMINAKY NOTICE. 


As a virtual introduction to the present topic, a short treatise 
on Anticyclics has already been issued from Messrs Macmillan and 
Bowes, with Skeleton tables. Much ampler tables remain in my 
closet ; a fact which indicates how long I have been planning the 
present attempt. Indeed in 1852 the substance of Chapters X. and 
XL below appeared in the Dublin and Cambridge Mathematical 
Journal, my aim being to reduce every function that needed 
to be found by infinite series to a form that vanished at every 

quadrant ; just as Legendre’s T (c®) = | E {ca>) d .F is superseded 

J 0 

by my “1 (cw). I had already completed in outline the present 
treatise, except Chapter VI. 

So much I recite, lest I be thought to place myself in 
rivalry to Professor Cayley, who doubtless has views far larger than 
mine, and adapts his notation to researches which I neither touch 
nor imagine. Only quite late in time was I aware that he had 
written a treatise on these Integrals : my earlier pages were alreaHy 
in the printer’s hands. My preoccupations preclude my study of it: 
indeed, years ago I found that to compare Mr Russell’s equations in 
the British Association with my own was similar to translating from 
a new language. I comfort myself by thinking that the lines of 
argument and the notation which is easiest to me may help some 
students who cannot give their chief energies to mathematics. 




COEEIGENDA. 


Page 110, line 14. Eead ~^=x+tj= -w 4- '—, and in the corresponding 

Cj c c 

denominators of the three following Corollaries change c, to C, 

Page 136, line 11. For r in left member write 

Page 139. In eq. (5), right member, the exponent ought to be (n + u)*-^ 

Page 193, line 5 from foot. Bead =:»JTP (ctop) -i- sJTP (c, w, - r), 


Page 193, line 4 from foot. For (twice) read O 
Page 194, line 1. Head 

Eliminate 0, . . ^ ill = 4 tan”^ {^pi , sin Wj), 

Page 200, line 10 from foot. For read 6, 




ELLIPTIC INTEGRALS. 

LOWER THEORY. 

CHAPTER I. 

Elementary Treatment. 

Notation and Definitions. 

1. Legendre is here followed in all main principles, as easiest 
to students who do not aspire to Mathematics as the professional 
pursuit of their lives. 

In this theory A is not used to denote an imrement, but as the 
Cardinal Surd of our integral. Thus A (c, <») stands for 

V (1 ~ c* sin* ft)), 

and where conciseness is urgent, may be abridged into A (©) or into 
simple A, if c and <o can be understood. 

The series for A"^ by the Binomial Theorem is 

1 3 

1 + -^c* sin* ft) + sin* a> + &c. 

It is worth while to write k^ k^. . . for these numerical coefficients, 
so that k^ means ^ 2 ^ ^ 0 chapters. 


N. E. L 


1 



2 


ELLIPTIC INTEGRALS. 


2 . By systematic Eeduction which is not here needed, Legendre 
shows, that if R denotes a rational function, 

JiJ (a; + 6a; + ca^ + es? + fx*) dx 

can be expressed in the form of rational functions of x, with log- 
arithmic and circular functions of x, by the aid of only three new 
forms, which are called Elliptic (for a reason truly insufficient), and 
are of the types, 

f ^ , f Adco, and f ^ -r ; 

joA Jo jo{l + p)sinft). A 

if A mean \/(l — c* sin® to). 

Legendre proposed to call the three forms the Nome, the Epinome 
and the Paranome. The names are convenient, and no one had a 
better right to give them than he. 

3 . In detail, the constant c is called the Modulus, and the variable 
arc ft), the Amplitude: not but that the Modulus may vary inde- 
pendently, or indeed with p the additional constant in the third 
integral. This p is called the Parameter, and gives the name to the 
Pam-nome. 

Also 6 is a constant defined by the equation 6® + c® = 1 , and is 
here named the SM6modulus. Legendre has an arc 9 , making sin ^ = c 
and cos 6 = b : but I reserve 9 , in close analogy with Legendre, and 
prefer an arc y, such that sin 7 = c, cos 7 = 6. I call 7 the Grade, F is 
the symbol of the Nome, E oi the Epinome, 11 of the Paranome; or, 
with the elements, F{c, &>), E (c, co), 11 (c, co, p). But the treat- 
ment of n must be delayed until that of F and E is complete. In 
the original reduction p must have the form a-\- ^\/— 1 as its widest 
sense. 



LOWER THEORY. 


3 


Legendre’s Table of Reduction. 

4, These equations are verified by mere Differentiation. 


sin*o) , F—E 
dm 


/- 

f cos* 

Jo“A 


0 ) 


dm = 


c 

E-WF 


dm E c* sin m cos 


[ dm _ E 
f cos*® , 
f sin*® , 

/, 


CO 


6*. A 

F — E sin ® cos ® 
A 

E—FF sin ® cos ® 


6V 


6*A 


^d® . nr, 

— ^ 5 — =Acos® + JP— 
ocos ® 


I tan* ® . Adm — A tan ® + -f’ — 2E 
Jo 


/. 

r — cot' 


tan ® , A tan m — E 

-r — dm = j-j 

A 6* 

— cot* ® 


- dm — A cot m-\-E 


l-°°^” .^ = 2Atang+f-2g 

ol+cosft) A 2 


/, 

J 3A® . d® = c*A sin ® cos ® 

+ 2(l + 6*£') + 6*i?’ 

/ cos* ® Ad® = A sin ® cos ® 
+(l + c*)^;-6*i?’ 

f^.dm = 2(l + b^)E-F 


c sin ® cos ® 


~[dF 

f dF 

f dF 

Ja*'’ 

ioCcos®)*’’’ 

j(sin®)*' 


are all reducible to F and E 
n(c, m, 

n (c, m, — 1)= I" 




dm 


oA (cos®)* 


Periodicity of the Integrals. 

5. If p is negative, and 1 + ^ less than 1, there is a value of ® at 
which 1 +p sin* ® vanishes, and 11 becomes infinite. Except in this 
case, ® may begin from zero, and increase indefinitely; then 

A-‘, A, (l+^.A)-‘ 

remaining positive, the three integrals increase perpetually with ®. 
To include all three, for a moment write <^(®) for 

—m sin* ® dm 
Jol +p sin* ® ’ A ’ 

then if m=—p, <ft(m) = F(m); ifp = 0 and m = c^, ^(m) = E(m); 
and if m = 0, (f>(m) =II(®). 


1—2 
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In all cases, ^ (- ®) = - (^(o)), therefore each of the three functions 
is odd, each begins from zero. 

If n is integer, (w as usual in Trigonometry), sin* {rnr + o) = sin*®, 
also d {nir + o)) = doa, hence d . <f> (mr + tt>) = d<f> (to). Integrated, it is, 
<j> {ntr 4 - ©) = ^ {nir) + <j> (©) in which a> may be changed to — a>, or 
<f>(n 7 r—to) = ^{ntr) — ^(a)); whence we easily deduce <f>(mr) = n.<f)(7r). 
Again, since sin (tt — o)) = sin to, d(7r — to) = — dto, 

<fy (it — to) = const. — <f>{to) = tf>('7r) — ^(<«>). 

Make to = ^tt, then <p (tt) = £.</> (Itt). Finally 

tf) (rnr + to) = 2n . (j> (^rr) + <f>{to). 

The integral tf) (Jtt) is called complete. In English custom F, 
represent F(c, ^tt), E(c, ^tt). 

N.B. In these pages the capitals G, B are not equivalent to my 
E„, Ff, (as in Legendre’s Supplements), but F,, = \’tr. C, F^ = ^ir.B. 
Knowing F and E from © = 0 to a) = ^tt, we know them wholly. 

To know the ratio of E^ to F,. seems generally the most convenient 
way of knowing E„. I propose to call this ratio the Andlla, and de- 

E 

note it by the Hebrew Alpha, .’. = Beneath is placed its 

appropriate modulus. 


Geometrical Representation of F. 


6. In elementary treatises it is shown that our E(c, to) is the arc 
of an Ellipse, beginning from © = 0 at the extremity of the minor 
axis ; but of F there is no obvious picture. I have thought that it is 
most easily imagined by a curve in space. Take an upright cylinder 
standing on a circular base whose radius is 1. Let © be an arc of this 
circle, and from its variable extremity erect z, a generatrix of the 
cylinder, of a length so related to to, that the spiral which its end 
marks on the cylinder shall everywhere be of the length F (cto). This 


requires 

' {dz,'+(dtor=(dFy = ^, 

or 

j j _ c* sin* todto' 

(XZ ^ V * it J 

l—c sm 0) 

that is 

, csintodto 

V(l-c*8in*e 


dto' 


sin* to ’ 
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To integrate this, put c cos cd v, 

1 — c*sin*® = 1 — (c* — «*) =6* + V*, 
— dv 


or 


dz- 


+ w*) ■ 




Integrated, 

since when z = 0, (o = 0 and « = c cos <» = c. Restoring A for 

V(6*+ A 

1 + c 


we have 


^ = log 


A + c cos 0 ) ’ 

(1 + c) e“*= A + c cos to. 

This coexists with (1 — c) e* = A — c cos a>. 

The spiral, however far continued, will represent F(ca>) and when 


a) = ^‘7r, ^r = logj- 


1 + c 


Extreme values of the Modulus. 

7. When c is so small that c* is too minute to notice, so is c* sin*a); 
A = 1. This confounds jP(g)) and E{(o) in a. 

If c* is insensible, but c’ just sensible, 

(1 — c’ sin* = 1 ± Jc* sin* © = 1 ±|-(1— cos 2a)). 

/ c®\ c* 

Hence F{u>) = f 1 + j-j o) + ^ sin 2a) ; 

E{<i>) = ^1 — 0 ) - sin 2a). 

When on the contrary c is so near to 1, that 6* is insensible, 
c* = 1 — 6* = 1, A = cos 0 ), 

then — I sec a> . dm, 

Jo 

which Mr Cayley calls GvdermanrCs integral ; 
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But if at the same time we make at — ^ir, is logarithmic infinity; 
It is important to value it when h is sensible, though 6* may be 
negligible. I find the simplest method thus : 


Let 

M— f csintodo) 


~Jo A 

and 

„ /■ 1 — c sin ft) , 

A 

then 

M+N-F(a). 


When 6* is negligible, c = 1, A = cos <», and N becomes 


L 


1 — sin CD 

cos CD 


. do) = 


L 


cos 0 ) 

1 + sin ft> 



<^sm 0 ) 

1 + sin o) 


log (1+ sin o)), 


which mounts to log 2 when <u = ^tt. Further 

— c.d. COSO) 


as in the preceding article ; or 


M = log 


\/(6* + C*cos*a>) 

1 + c 

+ c* cos’* a>) + c cos a> ’ 


and when 
or here 


co = i7r, M = log^-^, 

, 2 

= logr. 


Thus total F(a}) when to reaches ^tt, and is insensible, is found to be 


2 4 

M + F or log ^ + log 2 or log ^ . 


A cardinal result. 


Cor. From F^ = log^ when c* vanishes and b is sensibly = 1, we 
4 . 

deduce that F^— , when 6* vanishes and c is sensibly = 1. Or if we 
c 


write by preference ^tt. C for F^, and ^tt. B for F^\ then \trB =log 
when c is evanescent. 


O I 
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Direct Series for F(€o) and E(a>). 

8. Developing A'‘ by Binomial Theorem when c* is not very near 
to 1, we have 

d . F{ca>) = |l + ^* sin* a> + c* sin* to + ^ c* sin* to + &c.| dm, 

whence F(cm) = to + + &c. 

if stands for I (sin mY”dm, of which we ought to find some upper 
J e 

limit when n is large. Multiplying by sec to . cos to = 1 under j, you 

find = I sec to . (sin to)*"tZ sin to. Integrating by the formula 
Jo 

j" udz = uz—j zdu, 

(sin to)*”"^* r (sin to)*"'*^* 

'■ 2/i + l ~J' 


you get 


fl„ = sec 


2n+ 1 


dsec to, 


and when to is less than ^tt, the last integral is positive. Also 

sec to . sin to = tan to. 

Thus Xl„ is always less than 


tan to . 


(sin to)*" 
2n + 1 ’ 


Yet our series is too laborious for use, unless special values of c and to 
favour. 

The series for E{c, m) follows easily by 

F-E= -a) cito =|(c* sin* to) A-‘tito 

= J {c* sin® to + k^c* sin* to + kp^ sin®to + &c.} dm 
= c® . D, + k^c*^l^ + kp^ilg + k^c^il^ + &c. 

9. In the particular case of to =^ 97 , these two series give values not 
despicable. For the equation 2».X2„=(2«— l).Xi„_,— costo.(sinto)*“~‘ 
justifies itself by mere differentiation, since also every term vanishes 
when to = 0. Put to = ^tt, cos to = 0, and the last term vanishes. 

2n-l 


n ' = 


2n 


n' 


n-l ^ 


Thus we obtain 
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if the accent on Cl denote that <o is to be pushed to the value of ^tt. 
Now f da> = (o, or XI/ = Jtt; 


thus in general fl/ = k„ . ^tr. Finally 

F, = K {1 + + ky + . . . 

and F^-E^ = {Ar,c* + k^k/s* + kjc^c* + . . . + k^_Jc„c^ +...]. 


It is something to have F^ before us as an algebraic series in rising 
powers of c*. It is convenient to put F^=\’rr.C. I call G the 
Modular. 


Thus C - 1 + (I)’ c- + c‘ + 0 * + &c.. . . 


But all the terms being positive, no approximation is easily gained as 
to the value of C from a given value of c®. Since 


we find 


K -, - - (an _ 1 -l) - (2n - l) ’ 

£, = iw {1 - «:,V - it.V - ii,V- 


Better series for F^ and E^. 

10. In A ((») we may replace the trigonometrical element by 
algebraic terms in two obvious ways, either from z) = sin © or from 
t = tan ffl, yielding 

, da) , dt 

dcO / / 1 2\ 9 : 




l + f 


The former makes 


F(c,a)) = f 
Jo 


dv 


1 + 6’t* 


loV(l -*>’') V(l-c’ 

From the latter, 

A*(c, ©)=1 — (l-6*)sin*©=cos*©+6*8in*©=cos*© (1+ &*<*)= 

i + c 

whence 

'l+6®t* dt 


/oV(l + f) V(1 + bV ) . and .S(c, ©) - 1 +«* • l+e* * 

Call the two last for a moment 0(6, t) and '0(6, t). Then 
nothing forbids our supposing 6* to exceed 1. 



SERIES WITH SIGNS ALTERNATE. 


We may inquire what will result by changing b and t into tJieir 
reciprocals. 

<f> (6"‘ <**) must be 


or 


V(1 + <•*) V(1 + 6"T*) + 1) V(«* + 6"*) 

— bdt 


which reproduces 

— b.d<l> (b, t), so that d<f> (b.t) + 6'* . ^(6”* . T*) = 0, 
whence by integration 

4> 0 + ^ ib~\ r*) = G' (constant). 

Again, 

+ _ /br+1 dt 

’ l+r*“ V + + l 

which integrated yields 

y (6, i) + 6 . -y (6"‘ r‘) = C" (second constant). 
Suppose c' the modulus for which is swJmodulus, or 


c'*+6-* = l, c'* = l-6'* = 


6 * 


Let tan 6 = t (or ^ + <» = ^tt), then, to fix the constants of 
integration in 

F(c, a>) + h-\ F (c', 6) = O' ,\ make ^ = 0, o) = Jw ; 
and E(c, a,) + bE(c'd) = 0 "]' G' = F„ G"=^E,. 


After this, take © = 0, 6 = in-; whence 

b-^F(c'0)=F,; bE(c'e) = E,. 


It remains only, when we take 6 = ^tt, to develop by the series 
for F^ and E^ in Art. 9, merely replacing c* by c'*, that is, by 


-c‘ 


Hence we obtain 


F. = J ,r . r' |l - i.- . ^ + V • p - V • s' + «'<>•} • 
£. = J.r . S |l + V • p - i V • p + i V • p - ■ 
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In these, the terms being of alternate sign, we can get approxi- 
mations, and know the limits of error without great labour. Thus 
one step forward has been made. Our first task is, to compute the 
complete integrals F^, E^, or their ratio to ^tt. 

To make the last series of avail, c“ at its maximum must not 
exceed 6*, i.e. must not exceed At the worst convergence, 
c = ^ = b\ we easily find the limits of error in taking an odd or 
an even number of terms. 


The student may compare the new method with the former 
in the case of c = c* = i, 6” = f from Art. 9, 

= 4- {i + <i)’ • + (I • I)’ . 

but by this Article 

“ 4- • {i - («• ■ 3- + (o/ • 3- - *■’ + *'•} ■ 


With c variable. 

11. By inspection of the series for and F^ — E^ in Art. 9, 
we readily discover the equations 

so that either of the two series can be reproduced by the other. 
This suggests to differentiate the original definition of F and E 
with the highest value of ® fixed, but with c variable. We must 

differentiate under the sign J . 

Then ^ = j A . d® = j — dw. Multiply by — c ; 

— c ^ = j - - d<i) = F—E; even with © indefinite. 

Next ~ ^ / — sin*©)"id© 

-I ri -{ 

ioA- 
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Consiilt the Table of Reduction in Article 4, and you find (only 
multiplying by i*) 


d(cF) „ . sin ©.cos 6) , i , 

6 . — E — c . , which when © = ^tt, gives 


dc 


h\ 


T? 

dc 


.(a). 


Two of such relations between F and E ought to suffice; but 
their variety is enticing and bemazing, when © = ^tt. 

Equation (a) by expansion of d (cF^) yields 

dc ' 

-dE,_F,-E. 


Thus 


E,-FF. = Fc: 
dF. E-FF, 


dc Fc 


and 


dc 


or 


Among other curiosities, we now for dH^ find 

jpi ^^0 _ ijf _ p 

' dc dc dc 

F: . Fc FF, {F, - E,) - E, {E, - FF,) 


= -FF: + 2FFJS,-E: 


Divide by — J’/ ; 




That, with © indefinite, E — FF is positive, is not an obvious 
truth ; though the 5*^* integral in the Table of Art. 4 proves it, when 
© is less than J ir. 

It is not amiss to add that — FF^ = c*F^ — {F^ — E ^) ; 
which, by our series in Art. 9, 

= i-TT {^jC* + 


12. Since c* + 6* = l, cdc + bdb = 0. Differentiate 

f cd {cFJ = jPo - ^c> + F,.cdc = dF, - dE , , 

Jo 

whence dE, = (1 — F) dF, — cdc .F, = F. dF, + bdh .F, = b.d (bF,), 

and by integration, E, = jb.d (bF^) (1), 

in which we have flow passed to 6 as the leading variable. 
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Again, since we also had F^ — E^ = — c. take the value of 

hence given, and insert it in the last term of FdF^ = dE^ + F^ . cdc 
just now attained, then 

6* . dF, = dE^ + cdc [e,- c . ^^={\-c^dE,+cdc.E=FdE-hdh.E,. 
Divide by h*, dF^ = dE^ — E^ . 6"* dh. 

Finally integrating, = {h.d (6"’ .E^ (m). 


If either E^ or F^ were known in functions of h, the equations 
0), (m) would enable us to deduce the other. But when we seek 
for the indefinite integrals F, E in rising powers of h, we are cast 
upon \/(l + b*f) as the surd instead of A, and t (or tan w) increases 
towards infinity when m approaches ^tt; a fact which stops us. 
Nor does the artifice of Art. 7 (in which F = M + If) avail us. 
For though the integral M is found in finite known terms, yet 


N 


' 1— c sin 6) 
0 A 


d(a = 



1 — c sin ft) 
1 + c sin ft) 


da>. 


We easily found N = log(l + sin to) when c = 1, but when b is not so 
small that 6* is negligible, to find N even at the extreme value 
ft) = ^TT is not obvious. 


Case of F„ and E^ when F is less than c*. 

13. We may begin from 6 = zero, E^=l, and work upwards 
with b increasing, by the equations (i), (m) of last Article. When 

4 

6* is omissible, F^ = log ^ . These are our starting points. 

Insert the latter in our equation (f), then 

«,=/^6.d(61og|)=l + |(logt-l), 

in which E^ is found to take cognizance of F, while before we had 
only J^, = l. Integrating by equation {1) we raise the order of 

accuracy from 6“ to ft""**, as the two factors b and b under f denote. 
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AND E, IN TERMS OP 6* AND log\. 

When we proceed to obtain by equation (w) the fiactors 6 
and — h neutralize each other in respect to the order to which h 
rises. Inserting in (m) the values of just obtained, we have 

[6- . |l + (log \ - 1)}] . d\b- + I (log ‘ - »)'. . 

This is integrable, and gives 

Next repeating the use of (1) and giving in it to F^ the value 
last obtained, we deduce a new value of E^ in which b* appears, 
and only 6*, 6® are supposed too small to retain. 

The law of the terms begins to appear: namely 6*" has a co- 
efficient of the form 

in which we must try to fix the value of and . 

14. We can now simplify our problem. Let F^, true to the order 
b*', be called and similarly be e,, and write 

4 

/r = logj+^j + ^,+ + e,= l+a, + a, + ...+a,; 

where the subscript indices denote the order in 6*; that is, in and 
the order will be 6*". When new final terms a^j are added 
the totals are/^+j, 

Evidently then the equations (Z), {m) will hold good, if for E^, F^ 
we substitute any two final terms a,., in order to deduce a^,. 
If full proof is desired, write 

First e^=Jb.d(b ./^,) and /,=Jb.d (6"* . e,). 

Next =jb.d{b ./,) and =j^-d (6'‘. 

then since , and 

we replace (1) and (m) by 

and 

Suppose we have found 

^r-l = K-x (log I - »»r-l) 
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as known value, from it we deduce 

=jb . d (6/S„) = P, (logl - «,) b-. 


by integration when receives its value. This requires 

2r.Pr={2r-l)M^_^ 

1 1 

and 


or 


and 


«*. + 2; = “« + s:rT. 

p 

2r 


^r-mr.i + ^2r-l)2r' 

Repeat the process to find from and you get 

M = — p • 

'' 2r 


JL 

Tcs ^ V PV • 

" (2r - 1) 2r 


Thus the law of continuation is known to an indefinite extent ; and 
we easily deduce 

= k^, Pr~ ^r-i^r> 

2 2 2 
1.2''‘3.4"'‘ "■ ■'■(2r-l)2r 


which converges to log 2 and 


n, = m,— 


(2r-l) 2r' 


In brief 


i;;=iog|+xv.(iog|-m.)fe- 

E, = l + . ^log ^ j h”" 


in which r represents 
1, 2, 3, 4... indefinitely. 


Evidently this converges when 6” is as great as It is some satis- 
faction even in theory thus to perfect what was lacking in Art. 10. If 
these are pushed to making thereby 6* = the whole interval from 
c = 0 to c—1, would be filled. But higher and better methods 
quickly supersede this process, which rather belongs to the infancy of 
our topic.- 



F AND E WHEN b AND btana are small. 


15 


15. The two equations which open Art. 11 may be presented very 
diflferently, as equations {1) and (m) in Art. 12 show. Of course only 
two can be independent. To remember all the forms would seldom 
repay a student : yet it may be worth while to add a few more. 

= ( 1 ) 

from (a) in Art. 11. 

Again by Art. 11 F^ — E,=J (^cd (cF,'^ 

= f c^dF^ H- f Ffidc. 

Jo Jo 


Subtract this last from the identical equation 

d‘F,= fc^dF,+lF^.2cdc, 

then E^-FF^= f F,.cdc (2). 

Jo 

Between (1) and (2) eliminate the left member, 

then bV.^‘=jF,.cdc (3), 

in which neither E„ nor dE„ remains. 

Moreover, it yields, since cdc = — bdb, 

<“>■ 

and, exchanging c with b, 




which shows, compared to (3), that F^ and F^ fulfil the same differ- 
ential equation of c in the second order. 


16. In general, if b be small, and tan a = t, 

A = >^{l — l — b'\ sin* (o) = ;y/(cos* a> + V sin* e») = cos © . ^(1 + Ff), 
and the surd may be developed in powers of Ft* by Binomial Theorem. 
Also we have 


E = j Ada) = J cos 0 ) . \/(l + Ff) </© = Jv(l + 5*t*) . d sin ©, 

(F-E)=f (c* sin* © . A-‘ da>) = c*J sin* . ^ . da> 

Jo Jo 

c*= f t*.(i + FtyKdi 

Jo [) 


^ sin ( 0 , 


COSO) 
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If each surd be expanded, and T* represent I (tan ©)*" d sin a, we by 
mere routine find 

= sin 0 ) + 1;, . b*T^ — . b*T^ + . b^T^ - &c., 

F-E^c\ {T^ - kfi'T, + kTFT, - + &c.}. 

But to obtain good convergence you need bt small at the upper limit, 
though t (= tan <o) becomes indefinitely large when w approaches 
Moreover the integral is clumsy enough. These two series can 
seldom be of avail for computing; but they show us the tendency of 
E and ot F — E, when <» is < 45°, .*. < < 1, and when h is very small. 


Mere diSerentiation justifies the equation 

(2tt + 1) + 2n . = (tan <»)*“ . sin m, 

by which the series of T may be continued upward or downward. 
When a) is < 45°, the series of T diminishes, and from 




sin a)<*“ 2« 


>T. 


2n + l 2»+l 
by constantly adding 1 to n, you can deduce 

[i- 




2 ft + 1 


2n 


2ft + 3 




2ft + 5 


1 — &c. &c. 


Suppose 6* and b*t* omissible; also 

T.— jf cos <ad(o = I (sec* w — 1) cos (odto = I (sec a> — cos cu) dm 
Jo Jo Jo 

= I sec ft) do) — sin®. 

Jo 

The former integral is a leader in Anticyclics. 

For conciseness let S (for a moment) stand for 
I seem dm, .'. T, = (S— sin®. 

JO 


Then = sin ® + \b*T^— sin ® + ^6* {8 — sin ®) = (1 — sin ® + 

Also F-E^ (1 - F) {T,- \FT,), 

whence F— (1 — \F) sin ® + ^b*8 + (1 — F) (8 — sin ®) — \FFT^ 

= \F sin ® + (1 - \F) 8 - icW,. 

If we need only to find FF, when b* is omissible, w'e may be satisfied 
with 6*J’= 6*5. 



CHAPTER II. 


Method op Multiple Arcs. 

1. In Astronomy the integrals of the family connected with 
the surd A are treated by multiple arcs, which makes it reasonable 
to give it a place here, where indeed it is both simple, and fertile 
of results. Legendre thought it worthy of immense labour, and 
his work on it is a Krrjfia e? dei. 

Since 2 sin* <u = 1 — cos 2tt), we have a right to assume with 
unknown constants and h, A* or 1 — c® sin® to identically 

= /i.® (1 + 2h cos 2ft) + A®). 

To determine the new constants, first make ft) = 0 ; then 

/a = (1 + A) \ 

Next, make to = ^tt, then 

1 — c* = /** (1 — A)* or b = A). 

2 ^ 

Hence b = . and conversely 

A= J^*or(l+A)(l + 6) = 2. 

Also A* = (1+^)“==H1 + ^)- 

Again, • 

2. If further we assume a new constant g, making A*+gr®= 1, 
since A is less than 1, then symmetrically 



Thus b is related to A and g, exactly as is A to 6 and c. Since (1 —6)* 
is positive, (1 + 6)® Jr (1 — A)® + 46 ts greater than 46. 

N. E. I. 


2 
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The equation shows that h is less than Also 

c® 

(1 + hy is less than 4 ; therefore h is greater than . 

Next, put ® = 2 cos 2®, A* = /i* (1 + A . v + w"* . + A®), 

and yit“* . A® = (1 + hv) (1 + hv~^) ; 

whence we must seek A"* in series 

fiA~^ = (1 + hv )~^ . (1 + hv~^)~^, 

and each surd must be expanded by Binomial Theorem. 

In general (1 + = 1 - + hy - ky + &c. 

For u assume first hv, next hv~^, and multiply the results to- 
gether. 

The product, on mere algebraic inspection, shows the form 
Pj - P, (i; + v~^) + Pj (v® + «■*) - Pg y + v"®) + &c. 

where Pg = 1 + -I- k^h* + k^h^ 4- &c. 

P, = kji + kjcy + kjcy + kjcy + &c. 

Pg = ky + kjcy 4- kjcy 4- kjcy + &c. 

Pn = Khr + k„,y . F- + k^J^''hr*^+ &c. 

If then we account every P to be known, restore to v"4-v“" its 
value 2 cos 2nv, you obtain 

/tA"‘ = P« — 2Pj cos 2© 4- 2Pg cos 4© — 2Pg cos 6© 4- &c. 

Multiply by /i.“‘ d© = (1 4- h) da>, and integrate, then 

F (c®) = (1 4- (Pg© — Pj sin 2© 4- ^PgSin 4© — ^P, sin 6© 4- &c.}, 

c* 

in Avhich P^ having A” as a factor, and h being less than ^ , the con- 
vergence is good, unless c is very near to 1. 


3. To calculate the functions P for all values of h<l, must 
be a vast task. But when we assume © = ^7r, all of them vanish 
but Pg, and we obtain simply Pg= . (1 -I- A) . Pg, or giving to P, its 
value in series 

P. = (1 4- ^) . i w {1 4- k*h* 4- 4- A:,®^® 4- &c. . . . } ; 

but on comparing the series with that of F„, Ch. I., Art. 9, we find it 
simply means p, = (1 4- A) P* ; a splendid and linsought discovery. 



landen’s scale op moduli. 
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elicited by the mere “march-step” of the Calculus. Thus instead 
of calculating directly, we find it indirectly through in which 
h is less than c. 

In Ch, I., Art. 10, we improved on the series for F^ by obtaining a 
new series with terms of alternate signs, but this required that c 
should not exceed h ; so that, when c* = ^ = 6*, we had 

But now we find 


1 _ 6 _ V2 - 1 _ (V2 - ly 
1+6 V 2 + 1 2-1 


= 3-2 V2= 1716, 


indeed 6* = (\/2 — ly which is less than '03. So that our first series 
for F^ now avails us practically. 


Moreover as we deduced h from c by the law h = r—r > so if 

^ 1 + 6 

= we can get from h a smaller modulus li by the law 


h' 


^-9 


To organize a series of moduli by the same law, it is 


convenient to write c,6, for our hg\ then follow c,6, by the 
same law as cp^ follow ch ; and so on to c,6,... and c„6,. 


Landen’s Scale of the Moduli. 

4. If we suppose the successive moduli to have been calculated 
(a work which Legendre completed and abides to our hand), we 
lessen complication by using c,CgC, ... in capitals just as F^^^nrC, 
then jp*. = (1 + 6) divided by ^tt, leaves C = (1 + Cj) (7,. 

Repeated, this gives 0, = (1 + c,) 0,,, 0, = (I + cj O,, and so on 
until 

(7=(1 + cJ(1 + c,)(1 + C3)...(1+c.)(7„. 

Now cCjCjC, ... decrease faster than cc*cV...; in fact, when 
6 is as large as (1 + hf > (1 + 26) or > 2, so that with n quite 
moderate, c„ is soon insignificant, and — 1. Finally then, with 
n infinite, we have an exact result 

(7 = (l + 0(l+c,)(i + c.), &c., ad infinitum, to determine C. 

•’ 2—2 
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Again, we had 

(1 + ®«)-T+6"V6’ ■■ ^/b ■ ^/b/ ^/b, ’ 

or bG = \/(bbJ>J )^ ... ) as final result, unless c is very near to 1. 

Cor. Moreover b .F^ = b(l + h)F„ = {l—h) F,^. 

When c and h vary, from b = | ^ ^ , we deduce 

dlog6=dlog. , 

db _ — 2dh _ — 2dh _ — 2hdh _ + 2gdg _ 2dg 
b ~ 1 — g’‘ ~ hg^ hg^ hg ’ 

dq h db 

■ ■ F ” 2 ■ T ‘ 

Addendum. 

Legendre has calculated Landen’s scale 

bbfipfi,.... 

He never needs in practice to go farther than c^. His peculiar 
treatment deserves notice. 

The primary relation 

,1-6 _(l-6)* 

^ 1 + 6 1 — 6 * ’ 

.i,e» ^_ l- 26 + i.-_ (2-c-)-2V(l-c’) 

gives Jt j 


Develop the surd by Binomial Theorem ; therefore 

h = j C + -j — „ C + . — — o "h 

4 4.6 4.6.8 

But easily to find limits, Legendre demands series with alternate 
signs. He ingeniously assumes a sort of intmnodulus 


observing that h = 


(1 + 6 )’* (1 + 6 )* 
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c* / 

makes h less than ^ or than ^m. (Write now c,6j for h and g, 
c * \ 

also for ^ . j Then since c* is less than c*, and 26, slightly ex- 
ceeds 26, evidently m, is less than m. But indeed since 

2 Vc, , , 2 V6 

““rft' *''=rT6’ 


A _ 4!>JcJ) 

‘“(H-c.)(l+6) 


of which the denominator = 2 ; therefore 

c®6,* = 4c,6, and ^ ™ • 


whence 


m. 


c,* 2c. , . m, _ 6,c, 


' p = ^c.:4, or 


m 


4 ’ 


We seek for series to express c, and 6, iw powers of m. 


First, 




1 - 6 * 

26 


Solve for 6 ; then 6 = \/(l -t- m*) — m. 

Hence too 

6”* = ^(1 + «i*) + m and 6"‘ + 6 = 2 V(1 + w-®). 


Also 


c, = 


26m 


2m 


2m 


or again 


‘ (1 + 6)* 1 + 26+6 6-‘ + 2 + 6 2V(l + m*)+2’ 

m _ ^(1 + «t*) — 1 


c, = 


‘ V(l + m*) + l m 

Develop by Binomial Theorem, therefore 

c, = k^m — ^ Ar^m* + 1 — &c (A), 

with signs alternate. 

Again, 

m=|;, + (B). 

Further, since c,m = + m*) — 1, take log. and differentiate 

, , , . d. J{\ + m*) + m*) + 1 mdm 

® ^ ‘ 7(l+m*)-l m* 7(1 +m*) 

= {1 + (1 + m*)V} . m"* (fm = {2 — ^,m* + k^m* — A:,m* + 
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Integrate back, adding — log a, as constant of integration, therefore 
log (c,m) = (2 log m — log a) — + &c., 


or 


log — = - \k^m^ + \k^m* — ^k^m* + &c. 

Tfl 


•(C). 


But 


2c, c, b. 
^ -i 


X 

1 . 

fe.*’ m 2 ’ 


so that the last series = log . 6, “a). 

Make c = 0, m = 0, 6 = 1; 

therefore a = 2, constant of integration; and the series (C) = log . 6,*, 
and we find log c, = log (b*) + log (^rra). 

The series (A), (B), (C) have all signs alternate, which seems 
to have been with Legendre the main problem here. 


Some other relations deserve passing notice in this scale. 


Since 


or 


Also 


or 





x/6 = 


1-Vc, 

1 + 


1 + Cj 


1 + Cj 


(l+c.) (l + c,) = (l+Vc/, 


and since b^ is related to 6 as c is to c,, therefore 

( 1 + 6 ,) {i + b)^{i+jby. 

Combine (1 + c,) (1 + 6) = 2 with (1 + c,) (1 + 6,) = 2. 
Take the product ; therefore 

(1 + 0 ,) (l+c,) (1 + 6,) (1 + 6) = 2. 2, 

or (l + v/c,)*.(l+ V6)® = 2.2, or (1 + Vc,) (1 + .^6) = 2. 


Case of when c is too near to 1. 


5. We had C=(l +c,) (7, and symmetrically .B, = (1 + 6) if,, if 
B is related to 6, as C to c. Multiply these together, remembering 
that (1 +c,)(l + 6) = 2. 


Then 


GB, = 2C,B or ~ = i 
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B B 

Repeat the last equation, then W = i • 7 =?* 5 

O, Oj 


again 




3 — . 


• 0 .’ 




and 80 on. Then we have in succession 

.g -l i 

Multiply by and take a new constant p whose definition is 

P = i-TT . ^ , 


then also p = 2 " . 

If we make n so large that (c„)® is insensible, we have found 
(7„ = simply 1. In the same case (see Ch, i., Art. 7, Cor.) we have 

i7r.B„ = logi. 

4 

These yield p = 2"“ . log — . 

More accurately then p is the limit to which the series 

2‘Mog^; 2‘*.log^; 2"* . log ^ tend, 
c C, Cg Cg 

Legendre found that at worst his limit was reached when w = 4. 
Thus, by means of the scale (if known), p is calculable from c. Thus 
also B becomes known from the equation 

R = ^ and F, = i'jrB=Gp. 

Our use of this now supposes c small, and instead of computing 
when c approaches 1, passes to when b approaches 1, thus 
solving the very same problem. 


The Promodulus. 

6. I propose to call p the Promodulus. In the Higher Theory it 
becomes the leading constant, of which c, 6, G, B and are functions. 

B 

Naturally, what p^is to c, we denote by p, to c„. Thus p^—^ 
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But ^ = 2^; p^ = 2p. So p, = 2/>,= 2V, p, = 2p, = 2% and 

generally = 2*p. This is the property which makes p a convenient 
standard. In Landen’s scale it doubles itself when the index of c 
adds a unit. Therefore 2 is called the index of this scale. 

Q 

If p' is to b, what p is to c, we have p' = Jtt . ^ p. p — (i'Jr)*; 

and one or other is always > (^u). 

Legendre must have calculated an entire table of p from a given 
c, with a view to obtain from Gp. Perhaps his table of p may be 
even now recovered. Not foreseeing the Higher Theory of which 
Jacobi was to be the discoverer, Legendre could not know the pro- 
minence which p was to assume, so he gave it neither a name nor a 
symbol. But already we may ask. Can we work backward, and from 
a given p compute the c ? — The following process is the best at which 
I have arrived. 


From a given p to compute c. 


2 Jc 4 / 4 

7. The equation c= j , or - = •/—. (1 + c), gives a formula of 

1 "T Cj C V 

repetition by increasing the index of c after taking logarithms on 
both sides. Each time, also halve the result. Then we have in 
succession 


log^_2'‘log^=log(l-|-c,) 

2-> log i _ 2“* log ^ = 2"* log (1 -I- c.,) 

2-* log ^ - 2'* log ^ = 2"* log (1 -1- Cj) 

2— ‘ log ± _ 2-“ log j = 2-»"> log (1 -H c„) 


Add all these to- 
gether, and on the left 
side you have barely 

log^_2-Mog^. 

Hence, when n be- 
comes infinite the total 
sum is 


log 7-/3 = log (1 + Oj) + 2‘‘ . log (1 -f c^) + 2'*log(l + C8)-f &c.... 

c 


1 + Cj 


C 


But 
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c. 


c. 


and in general 1 + c„ 

so that the series 

= (IG- IG,) + 2-‘ (IG, - IG,) + 2-» (IG, - IG,) + &c 

where each terra may simplify the preceding, whence also 

log^ = p + log C'-^logC',-ilog(7,-|loga,-&c ; 

where is the same function of 2*p, as (7 of p. 

Now a table of log G, with p as argument, /rom the Higher Theory, 
will be easily constructed, 

(since (Acre ^0 = ^^ ■ ■ §^...,in4n(icj,c(«notatlon). 

4 

Then the above gives log - from a given p very rapidly. Conversely 

c 

with c given, p = log - + log — + 2~' log + 2~“, &c. 

c 0, Oj 


To differentiate p. 

8. The following process succeeds, by a sort of good luck. 

4 

When c is infinitesimal, p = log - ; 


hence with n large. 
Now 


Pn — ■■ approximate. 

P = 2-p„. 

dp = 2-” .dp^ = -2-” 

On 


, dp dc 1 f dc„\l 

whence — = x, " -y = — ■ 

dc 2.c„dc \2’‘ttc/c„ 

Here the fraction in parentheses has for equivalent 

/dc, dc^ d^ dc„ \ 

\2dc ■ 2dc, ' 2dc^' " 2dc^_J ‘ 

2 Jc . 

Further, from c = > differentiated logarithmically, you find 
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dc. 


SO that 2^ = ^ . Introduce this equivalence into the last complex 

fraction, (g . = 

This is only approximate, while n is large, but finite. It becomes 
accurate when n is infinite. 

Now by Art. 18 we know that {hbJ>J)^ ...) = 6*(7*. Divide each 


side by c. 


dp _ 1 


or 


cdc c 
dp 1 




bdb~hW 


which is sometimes valuable. 


B 


9. In fact, try it upon p = ^tt . ^ . Differentiate ; 

BdC-CdB 


dp = ^ 


tr . 


also 

while from Art. 8 
whence 

or 

Lemma. / say, 


bdb 


6V 6V 


G* 

^.B = F^; 

— cdc 


= BdF-GdF„ 


1 _ , pdF„ , 

bY~^cdc^^ bdb ^ 


dF^ E-FF^ 


cdc 6V 

which by symmetry remains when h and c are exchanged. 
Proof. By equation (a) in Ch. l., Art. 11, we had 


[indeed Ch. i.. Art. 11.] 


which, expanded, becomes 
b\ 


^ • dc ’ 


,* cdJf’. + J’.dc ,.dF, , „ 


dc 


or 


whence E, - VF, = g ; 

as above asserted. Multiply (a) by 6V; we now change equation (a) 
into 1^B{E,-FF,) + G(E,-FFl\ 
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Multiply by to make uniformity; 


or ^TT = F,E, + E^, - Vc- 

Thus we obtain Legendre’s beautiful equation by mere differentia- 
tions. 

Dividing by FJF^ and introducing the Ancillae 


we have 


M ” it 

•'c J^T ) p f 




F.F, 


(b), 


which may be called, the equation of Complementary Ancillae. 


10. Hitherto it has been shown how, when c is given, and we 
may assume that from c we may account c^ b^c^b^... c„ all to 
be known, we can deduce F^ (or rather C) in Art. 4 ; next, in order 


to pass to F„, when c* > we attain the promodulus p from 2""* . log 


4 


in Art. 5 ; whence further F^ = Cp. But we next ask after E,, 
and E,,. 


Reduction of E to E,^. 


Now that we have /’« = (! +h) F^, our most obvious method is, to 
differentiate this equation. But it must first be prepared conveniently. 

Multiply it by 6 = ; 


.-. bF^^{\-h)F='^-^. (gF,) = y ^ . (^r^J = ^b (gF,y. 
.-. log (6i?;) = i log 6 + log (m). 


Now in Art. 9 we had 




d^ 

bdb' 


Subtract each from o^F„\ 


.-. F^-E=o^F, + c% 


dF, 

db 


. dm 
^ ' db ' 
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Divide by 

then = 

or = 

But in Cor, to Art. 4 we had 


Sotoo 


dq -.1 dh 

9 * 

Hence by differentiating (m), page 27, we have 

d\ogQ>F,) = \^^ + d\og(gF,), 

which now becomes 

1 — K, db ,dh 1 — X. /A dh 


c* • h 


t vVV 

= ^x + 


• h)' 


db 


b " A* V2 

Expunge the factor , and multiply by c, 

- <”>• 


11. When c is small, we have from Ch. i.. Art. 9, 
^c = i’r(l-ic»). if, = i,r(l + ic“); 


• M — ^ ~ — 1 Ic* 


whence 


l-K 


= Jc, 


which is evanescent with c. If then we continue the formula (n), 
resuming the notation of c^ for A; and for a moment write for 
the equation iJ„ = ^c (1 H-AJa} gives by repetition an 
infinite series {1 + ^c, {1 + {1 + ^Cg {1 + &c...., that is, 

1 ““ 

— + icc^ + 4 . cCjCg + ^cCjCgCg + &c. 


This is our second fined series, in which if c is < b, the convergence is 
excellent, and the Ancilla is satisfactorily ascertained. 

Then from = X, . the is found. 
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But what if c is >&? Then by the Complementary Equation of 
Art. 9 , we can find from and thus deduce E^, which completes 
our immediate problem. For, knowing F^F^E^E^ when c* varies 
from 0 to we virtually know F^ and E^ from c* = 0 to c* = 1 . 

The first real success is now attained, the values of F„ and F^. I 
subjoin the Table calculated by Legendre, from the Grade y as argu- 
ment, where sin y = c, cos y = b. 


From Legendre. 


y 

Let 

c = siii 

y 

and 

6 = COS 7 

= the 







Grade. 

Fo 

li 


F, 

11 

o 

o 

I ‘5 707 

9632 

6795 

log infinity 

9625- 

I 

1-5709 

159s 

8127 

5-4349 

0982 

2 

1-5712 

7495 

2372 

4-7427 

1726 

5279 

3 

1-5718 

7361 

0514 

4-3386 

5397 

6000 

4 

i ’5727 

1243 

4995 

4-0527 

5816 

9549 

5 

i‘S 737 

9213 

0925 

3-8317 

4199 

9766 

6 

i' 575 i 

1360 

7777 

3-6518 

5596 

9479 

7 

1-5766 

7798 

1593 

3-5004 

2249 

9173 

8 

i’5784 

8657 

7689 

3-3698 

6802 

6668 

9 

I ’5805 

4093 

3896 

3-2553 

0294 

2143 

10 

1-5828 

4280 

4338 

3-1533 

8525 

1888 

II 

1-5853 

9416 

3775 

3-0617 

2861 

2039 

12 

1-5881 

9721 

2527 

2-9785 

689s 

II8I 

13 

1-5912 

5438 

2014 

2-9025 

6494 

0670 

14 

1-5945 

6834 

0932 

2*8326 

7258 

2918 

IS 

1-5981 

4200 

2113 

2*7680 

6314 

5369 

i6 

1-6019 

7853 

0087 

2*7080 

6761 

4590 

17 

I -6060 

8134 

9410 

2*6521 

3800 

4630 

i 8 

X-6014 

5415 

3790 

2-5998 

1973 

0061 

19 

1-6151 

0091 

6068 

2-5507 

3144 

9627 

20 

1-6200 

2580 

9124 

2-5045 

5007 

9002 

21 

1-6252 

3366 

7759 

2-4609 

9945 

8304 

22 

1-6307 

2910 

1631 

2-4198 

4165 

3739 

23 

1-6365 

1740 

9336 

2-3808 

7019 

0604 

24 

1-6426 

0414 

3713 

2-3439 

0472 

4447 
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c = sin V 

b = cos y 

y 

K 

p. 

25 ° 

I 6489 9522 8479 

2-3087 8679 8167 

26 

1-6556 9692 6310 

2-2753 7642 9612 

27 

1-6627 1595 8491 

2-2435 4934 1699 

28 

1*6700 5942 6270 

2-2131 9469 4981 

29 

1-6777 3488 4081 

2-1842 1321 6949 

30 

i'6857 5035 4813 

2-1565 1564 7500 

31 

1-6941 1435 7306 

2-1300 2143 8399 

32 

1-7028 3523 6412 

2-1046 5765 8491 

33 

1-7119 2469 5156 

2*0803 5806 6692 

34 

1-7213 9083 1374 

2*0570 6232 2797 

35 

1-7312 4517 5657 

2-0347 1531 2186 

36 

I -7414 9923 4427 

2-0132 6656 5201 

37 

1-7521 6523 6469 1 

1-9926 6975 5735 

38 

1-7632 5618 4059 

1-9728 8226 6275 

39 

17747 8590 9104 

1-9538 6480 9252 

40 

1-7867 6913 4885 

i'9355 8109 6006 

41 

1-7992 2154 4050 

1-9179 9754 6438 

42 

i-8i2i 5985 3662 

1-9010 8303 3465 

43 

1-8256 0189 8136 

1-8848 0865 7384 

44 

1-8395 6672 1094 

1-8691 4754 6031 

45 

1-8540 7467 7301 

1-8540 7467 7301 


Another Method for or rather 

12. When c varies, the abundance of equations is so embarrassing, 
that many will prefer the following treatment. 

F-B= 

Jo A 

which by expanding A”* and observing that sin* w = ^ (1 — cos 2ci)), 
and c* (1 + h) = 2c yields 

F — E=c fh j (1 — cos 2ft)) (P, — 2Pj cos 2ft) + 2P^ cos 4ft) — &c.) dca 


-cVA.jol 


Pj— 2P, cos 2ft) + 2P, cos 4ft) — 2Pg cos 6ft) +&c. 

— PjCOS 2ft) + 2P,(cos 2ft))*— 2P, cos %) cos 4a) + &c.j 


dm. 
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Compress by the formula 

2 cos 2(0 . cos 2nto = cos . n = 2(0 + cos n + 2(0, 

then 

F-E=>c^/h jiiP + P,) - (P, + 2 P, + Pj) cos 2(0 

+ (P,+ 2Pj+ Pj) cos 4(0 — (Pg + 2Pj + Pj cos 6(0 — &c.] . dto 

= c\/h [(Pj + Pj) (0 - ^ (P, + 2 P, + Pj) sin 2(0 

+ i (Pj + 2P, + P3) sin 4(0 - J &c.], 

from which we obtain E by eliminating P; which when (0 = ^‘7r, 
leaves simply F^- E^ = c\/h. (P^ + P,) ^tt. 

We found by mere inspection that ^ir . P^ = F^. Let us in- 
spect APj. 

From Art. 2 , AP, = + kjcji* +• kjcji’^ + kjcji^ + &c., 

and immediately from Ch. l., Art. 9 , we discover that 

\Tr.hP^=F^-E^. 


We can now eliminate both and P^, which leaves 
F-E=c^h[F,vh-^{F,-E,)], 
a process much easier to remember than that of Art. 10. 

To reduce the last, divide by cP„ = c . (1 -I- h) P„. 


Then 


i-K_ VA , i-«4 
c 1+^r^ h ‘ 





as in Art. 1 0. 


This may please a learner as a confirmation 


13. Legendre spared no pains to bring the series P^ P, P, ... 
into numerical valuation, and his processes are beautiful and instruc- 
tive. But his main object was to form tables of double entry for 
F{c<o) and E{c(o). Wonderful was his toil and his apparent complete 
success, yet it would seem that unless one of the two given elements 
is the series 1 , 2, 3, 4 &c. double entry is a mistake. Poisson coldly 
says of these great tables, that by these in some sense F and E can be 
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found. By the Higher Theory which Jacobi opened, we must hope 
to treat all by tables of single entry. 

Since from a given c, we can deduce h, h and g = — by 

very simple arithmetic, to as many decimals as may be required, the 
student will readily understand that 0,6,0,65, . , . c„6„ are all attainable, 
especially since n seldom need be made greater than 4 according to 
Legendre. 

14. Thus far, by the method of multiple arcs, we can overcome 

the difficulties of accurately valuing the complete integrals F^, . 

To extend this to the indefinite integrals F(cca), E {cm), it is 
necessary to complete the series P,P,P,P5,... P„ ... . Legendre 
has executed this task, which is perhaps superseded in the modern 
treatment of these integrals. Nevertheless, his process is too 
beautiful and too instructive to omit. 

If we had a linear equation connecting any three successive 
terms of the series P„P,P, ... P^ ... , then, knowing the two first, 
we could from them calculate them all, or by calculating any two 
distant terms of the series, we could work back from them to P, 
and P, ; and if were known already, this would furnish corro- 
boration. It will also appear, that on going forward towards P„ 
small errors must be magnified ; while in the process of working 
backwards from P„ and P„_, all error becomes less and less. 

15. Legendre by the following artifice obtains the linear equa- 
tion desired. 

In Art. 3 we have the development 

= Pq ~ 2P, cos 2® -f- 2P, cos 4© — 2P3 cos 6® + &c. 

From this we may deduce the development of A. Differentiate 

A* = 1 — c* sin® ® ; 

then 2AdA = — 2c® sin ® cos ® d® = — c* sin 2®<i®, 

and (ZA = --^c®sin2® .A‘‘.d®. 

Multiply every term in the series for A"‘ by sin 2®, therefore 
ft . dA = — ^c* {P(, sin 2® — 2P, cos 2® sin 2©+ 2P, cos 4® sin 2® — &c.}. 

Now for all values of r, 

2 cos 2r® . sin 2® = sin (2r 2) ® — sin {2r — 2) ®, 
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thus we can reduce the last series to linear sines. Also 
/a"*, = (1 + A) I c* = c \/h, 

so 

d^= — c\/h,\P^ sin 2® — Pj sin 4® + Pj sin 6® — P„ sin 8® + &c. | , 

— Pg sin 2® +Pj sin 4® — P^ sin 6® +Pg sin 8® — &c. 

Integrate therefore 

A = P' + c {(Pg — Pj) ^ cos 2® — (Pj — Pg) J cos 4® 

+ (Pj — P4) i cos 6® - (Pg — Pg) ^ cos 8® + &c.}. 
The first term P' is the constant of integration. Since 

f Ad<o = E(c<o), 

J 0 

we easily find that E^ = P' . Jtt, whence if E^ is counted as known 
the constant P is determined. 

16. Resume the equivalence 

A® = /i.“ (1 + 2A cos 2® + A®), 
or (1 + A) A = /iA”’ (1 + 2A cos 2® + A®). 

If in the last we replace A and A"‘ by the series in linear cosines 
of multiples of ®, and again reduce to linear cosines on the right 
hand, we shall not produce an identical equation such as we 
might call a Truism. For P' is found in A, and not in A~‘. So 
the result will not be void, as A = A. If for conciseness we represent 
the result by 

— Z, cos 2® + cos 4® &c. + cos 'inut + &c. = 0, 

the series Z is wholly free from ®. In this, the series P, containing 
•h only, must be so related, that the last equation shall be true for all 
values of h and for all values of ®. 

Nor only so, but if for cos 2® we restore ^(w + «'*), the equation 
will remain true for all real values of v. 

Evidently, all these claims will be fulfilled if every Z = 0. 
In no other way does so difficult a result seem possible. It demands, 
in particular, {1 +h)P = (1 + h*) P, — 2A.P, ; 


and in general for any integer n, 

(1 + P„^, = (r‘ + h) P,. - (1 - ^n'‘) P,., (A), 

N. E. I. .8 



34 


ELLIPTIC INTEGRALS. 


17. This is just what we W'ere seeking for; a linear equation 
connecting any three successive terms of the series P. But the 
multiplier (ii“‘ + h) is vexatiously great when h is small, and accumu- 
lates any original error, if we move towards P„^., . 


In Art. 3 we had 

P. = + K.. K 

of which every term divides by A.". Also is a multiple oi ic„ . 
If then we put P„ = kJC'Q ^^ , 


we find more simply 


Q„ = n- 


2n -f 1 


2n -f 1 


2n-|- 2 
2n + 3 


2 ^ + 3 ,, 
2n + 4 * 


2» 4- 5 


2» -I- 2 * 2« + 4 ' 2n + 6 
Observe further, whatever the value of r, 


. kji‘ + &c. 


2« + r — 1 _ _ 1 \ 

2w 4- r ” \ 2n + r) 


which shows that the series admits the new form 

“n 4-*l n4- 1 4- 2 “« 4- 1 . « 4-*2 . n4- 3 


in which the series H is free from n. To fix we have only 
to make n infinite, therefore = Q with n infinite 

= 14- k,h’ 4- k^h* + &c. = (1 - 

Iiet A = sin.->;; ff^ — aec. 7 }. 

Next, we must deduce from equation (A) the relation between 
Q»+i> Qni Qn~i‘ This is matter of algebraic routine; and with 
a little attention, you may give in the form 

(Qn -, - Qj = A® (Q„ - Q„J -(4n.n+ l)-‘ . (B). 


18. From the last it is manifest, that if and be some- 
how attained, the multiplier h* on the right member reduces any 
error, so that we attain from this equation with advantage. 
But we have yet to find JI„ P, ... before eq^tion<C) avails us. 
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In it first write (w — 1) for n, then you at once deduce 

Q _/} — ~ ^ • -^1 I ^-^8 

V«-i Vn n.n + l^n.n + l.n + 2 


n . n + 1 .n + 2.n + 3 


+ &C. (D). 


In the last, we further change » to » + 1, making the left hand 
Qn ~ Qn*i > further on the right hand observe that 

1 _ (n + 2)-2 1 2 

« + l.« + 2 n.n+l.w + 2 n.w + l «.n + l.n + 2’ 

1 (n + 3) — 3 

« + l.nH-2.n + 3~«.n + l .w+2.n + 3 

^ 1 3 

n.n+\.n + 2 n . n + 1 .« + 2 . n + 3 ’ 

and so on, therefore 

0—0 =~ ^ 4 - ^-^2 ^ • ^^1 
'»n '*n+i n .n^-1 n .n + 1 .n + 2 


3ir, + 2.3fr, ^ 

n.n->rl.n + 2.'n-\-'i 


But also 


4n . n + 1 4» . ?n- 1 4n . n + I . « + 2 


j ^ 

4n.M. + l.» + 2.TO + 3 


19. Into (B) above introduce the values of the Q series firom 
(D), (E), (F), and compare the terms whose denominators are of 
the same degree in n ; thence you find 

and generally r . (1 — A®) H^=(r — ^)* . ; 

. h' sin* f) . t 

whence, since - — = — 5 -^ = tan* . rj, 

1 — A* cos* 7) 

jff, = itan*i 7 .ir,; 

..rir, = i(r-i)*.tan*7,.fr,.,; 


and generally 
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SO that 


Q„ = sec.ri 



1* . tan* rj 1* . 3* . tan* ri 

2.2n + 2^2.4.2» + 2.2n + 4 


...(G). 


The terms being of alternate sign are advantageous for cal- 
culation, and on our assumption that h is small, so is tan* rj. The 
larger n the better is the convergence; and if at the worst 
four terms must be computed, the process differs little for and 
Q„+i. Knowing these we can work back towards Q, and Q, and 

F 

can obtain verification from “ -^o — ^ • We have now also finally 

F{ca>) = (1 + A) . ft) — hQ^ sin 2ft) + sin 4a 

— sin 6a) + &c.}, 

and E {ca) is more simply found by taking ^da from the series 

J 0 

above for A which has P' for its first term, Art. 15. 


20. One more simplification seems to remain, since every Q 
has sec as a common factor. Put Q = sec . jB ; so that 

P _ - 1* . tan* y 1* . 3* . tan* i; 

'“”~^~2.2n-|-2'^2.4.2«-|-2.2n + 4 

1* . 3* . 5* . tan* rj 
2.4.6.2n-t-2. 2» + 4. 2n + 6 


Then equation (B) remains the same with R as with Q, so that 

which is deducible from and . 


Ijgxt, observe that 
how at. 


But we ha 


. I.N 1 +^ n+h 

error, so + sec v - ~ V T^h 
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Now if we have given 7 as the arc of c == sin 7 , 6 = cos 7 , we have 

h _ 1 — co^ . g 

1 + cos 7 ^ 

There remains 

F (cffl) = tan (46" + ^rj) — hJlR^ cos 2 <» + cos 4® — J . &c.}, 

and if a table were to be formed with 7 for argument, the values 
of hR, R^, R^... would appear as far as needed. 

Of course E (cco) is in like manner simplified ; but it is hardly 
worth while to go further here. 

It will be observed that as the series R always tends to 1 as 
its limit, the series for F(ca>) barely converges on the scale of 1 , 
h, , which, unless h is very small, is vastly inferior to that 

which is attained (as will be seen) by higher methods: moreover, 
since cos 2 n® changes sign with the increase of n, we cannot account 
the terms of our series to be alternately positive and negative. 
Thus far we have attained only what in the early stages of the 
Integral Calculus would have seemed a real feat. Up to 

3 ^_4 i_5-4 1 

^“5’ °“5’ 5 + 4~9’ 

the convergence is certainly respectable, and once would have 
seemed a good result. When 

5 


12 


1 



CHAPTER III. 

New Auxiliaries. 

1. Trigonometry is made more elegant and more intelligible by 
introducing manyrelated functions beside the ancient Arc and Chord. 
In our more complex topic the same necessity of Auxiliar Functions 
presses still more strongly. 

Let a: be a circular arc, so related to the amplitude lo, that 

X _ F {c, (•>) 

^~F{c, Itt)' 

Then whenever a> = n. x also = n (^tt) ; i.e. a: and a> coincide at 
the close of every quadrant ; simply because 

F(c, n.^7r) = n.F{c, Jtt). 

Thus X affords a sort of average of the Nome F. I call x the Meso- 
nome. Also F (c®) = Gx, since = ^tt . G. 

I find it convenient to use the notation, ® = (..a;); meaning, “® is 
the amplitude whose Mesonome is x with modulus c,” the modulm 
being written below the line, and to the left, in direct opposition to an 
exponent. Then if a trigonometrical symbol precede, the modulus 
will not affect it ; but sin (^) will mean sin ®. When 

c = 0, F(c(o) — ®\ 

= xj’ 

(^)=o)=x. 

Also sin <0 may be replaced by sin (^), upon occasion. 
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When amplitudes are supplementary, so are their mesonomes. 
For, if ft), = TT — ft), sin <», = sin < 0 . 

Also d(o^ =5 — d(o, 

dFcOj = — dF(i>, 

Fto + Fo>^ = const, = 2 F^. 


Hence also 
or 


^+^ = 2, 

fTT ^TT 

«+«, = 7r. Q.E.D. 


2. Since A is positive and < 1, but A“* > 1, ^ increases (between 
ft) = 0 and ft) = Jtt) faster than a), and E slower. Thus, within these 


limits, if is > ft), 
so that also 
and 


is ^ ^ (^) 

Ej^) E((o)’ 

F^F(<o) E(<o) Fjco) 

E, ^ F, ’ 

E. 


E{< 0 )>y.F(< 0 ). 

Thus [E (ft)) - (ft))] 

is positive in the first quadrant. I call this combination the Nomiscus. 


When ft) reaches ^tt, the Nomiscus vanishes : so does it at the end 
of every quadrant. It is evidently positive in the odd quadrants, 
negative in the even. I denote it by 0 {cm). Then 

Q{<0) = E{a>)-^,.F{w) 

and E (<») is knowable from 

G* (ft)) + . i’(ft)). 


S The Nomiscus fluctuates like a sine, between narrow limits. 
Also when c = zero, it vanishes ; for then 

{<„=!, and E = F. 

Indeed when c* is very small, = 1 — Jc® ; 

A* — = ^C® — c* sin® ft) = |c® (1 — 2 sin® a>) 

and A”‘ = 1 + ^c* sin* < 0 ; 

from which 

G (ft)) = f (A* - «,) . A-‘dft) = ic^lj( cos 2ft)) (1 + |c* sin* a>) dta. 
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But c* being omissible, this gives 

G (oi) — ic* . sin 2 «d, 

by integration. 

Evidently G(— to) = — 0 (<»), 

or the function is odd, like F and E. Since 0 (n . Jtt) = 0, we easily 
infer that G('n- — a>) and G (mr — to) = — G (a>). 

4. In the treatment of IT, the third integral, its auxiliary 

*1 (ca>) = [ G (c®) dF(c(o) 

Jo 

will be needed ; and it is expedient to be familiar with it at once. I 
call it the Diplonome. Evidently 

l(-co)=f G(-(o)d(-F) = ! GdF^lico), 

Jo Jo 

or the function is even. Since in the second quadrant G becomes 
negative, *7 rises to a maximum when to = ^tt. We may expect it to 
vanish when ® = tt. 

In fact 

*7 (tt — ®) = f G(v — to) dF (tt — to) = [ — Geo . d (— Fto) 

Jo .'o 

= I + Gw . dFw = *7®. 

Jo 

Make ® vanish ; *7® vanishes also ; .’. *7 (tt) = 0. So in general 

1 (htt) = 0 ; 

whence also *7 (nv ± ®) = 1®. 

This function being always positive, is comparable to sin*® in 
periodicity. If c* is small, and G = ^c* sin 2®,, 

dF= (1 + |c* sin* ®) dw, 

we may omit the term multiplied by c*, and find 

*7® =1 ic* . sin 2©d® = |c* . (1 — Cos 2®). 

Jo 
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5. Conjugate Nomes, In Chapter i,, Art. 10, with tan<» = t, 
we had 

jjp ^t 

“ V(1 + 6“0V(1~+?)' 

Let btu= 1, and substitute (6m)”* for ^ in this equation, 

■ ■ V(H-6*6-V*)V(1+6-*m-^) "" ^/(M•* + l)^/(6V^-l) • 

Let M = tan 6, and the last fraction visibly is — dF (c, 6), so that 

dF (ca) = - dF (cO ) ; 

or integrated, F (ca) + F (c6) = const. 

If (0 increase from 0 to \'k, t increases from 0 to oo , m decreases from 
CO to 0, and 6 decreases from Jtt to 0. Hence to make w = 0 makes 
0 — therefore the constant is F^. 

Thus the trigonometrical relation 6 . tan a > . tan 0 = 1 is coincident 
with the transcendental relation 

F{ca) + F{cd) = F^. 

In this case the Amplitudes are called Conjugate. 


lation 


Cor. The Mesonomes are then Complementary. For the re- 

F{ca) , F{cd) 


F, F, 


= 1 , 


gives us (if x' is Mesonome to 6) 

X x‘ 


1 "i" T — ~ 

JTr S'"" 


or 


x + x' = \ir. 


It is convenient to write o) and a)® for Conjugate amplitudes, the 
zero being equivalent to a modifying accent or index, not an ex- 
ponent. Observe this in all that follows. 

From the primary equation 6 tan a tan a)* = 1, or cot w® =» 6 tan w, 
three other relations follow, with which the student ought to be quite 
familiar. Easy trigonometry deduces them. 
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(a) 

(b) 


sin ft)** = 


cos a)® = 


cos a 

b sin 


A 


) 


(c) 



In Trigonometry, the equation tan i/r = 6 tan to, is developed 

l-b\ 




when h = 


1 + b) 


into y^=a — hsm2(o + sin 4a) — sin 6a) + &c. 

Here therefore, since cot a)® = tan (^tt — o)®), 
putting = ^TT — a)*, 

you have tan i|r = 6 tan to, 

(I'"' ~ = a) — A sin 2a) + sin 2a) — ^ . &c.. . . 

If a;' be the Mesonome to F (ca)*) the equation 

F-\-F‘ = F^ 

yields Gx + Gx' = 

hence x + x' = ^tt. 

Hence when the amplitudes are conjugate, the mesonomes are comple- 
mentary. 


6. Gonjugate Epinomes. We retain the same relation of the 

dto . rfa)® 

'A 


amplitudes, 
Multiply by 


+ -^ = 0 . 


A* = 


•' . Ada) q* 


bW 

A®* 


= 0 . 

'Fdto 


f ud(o 

By the table in Chapter i., Art. 4, we know j and we may replace 
a) by a)®. Integrating then 

J Ada) + — ( 


, sm to" cos to 


n - 


const. 
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Since 

0 COS 0) 

sm oy = --x— > 

A 

by symmetry 

008 ft)® 

sinm= ^0 . 

Hence 

E + E“ — c“ sin ft)® sin m = const. 

Make 

ft) = ^TT, ft)® = 0, .•. const. = E, 

or 

E + E“ — E^ = c* sin m sin m“. 


7. Conjugate Nomisci If ^ is a function composed of E—aF, 
where a is constant, 

<f>+<t>'‘-<f>, = (E- aF) + (E^-aF>) - (E^-aFj). 

But F+ F'^ — F^ = 0 and E+E'^ — E^ = c^ sin a> sin w®, 

^ + </)® — = c* sin ft) sin 0 )*. 

Let the arbitrary constant a be Then ^ becomes the Nomiscus 
G, and Cr^ = zero. 

Hence we have 0 + 0“ = casino), sin ft)®. 


8. Conjugate Diplonomes. Multiply the last equation by 

dm 


dF=-dF“ = 


A ’ 


then 

OdF G“dF“ — ** ' ^ ^ ®os mdm . d (sin* m) 

~ ~ A “ A* l-c*sin‘ft) ■ 

Integrate; then 

*1 (ft)) — 1 (ft)®) + const. = — J log (A*) = — log A. 

Let ft)® = ^TT, ft) = 0 , A = 1 , • 

.•. const. = 

so that *1ft) — * 10 )® + % = — log A(cft)). 

1 


Next, make m = m“, cot* m = b, sin* m 


1 + 6 ’ 

.•. A* becomes = 1 — = 1 — (1 — 6) = 6. 

2X = - log 6. 


Finally 
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9. Differential relation of the Mesonome to p, the Promodulus. 
A particular diBferential equation urith a> constant deserves notice. 

In Chapter L, Art. 11, we found 

, » d (cF) ri g sin 0 ) cos 0 ) 

or 6* . J'+ 6*c c*sin wsin a)®. 


Make 


ft) = ^tt, o)® = 0, 


Multiply the last by ^ and subtract from preceding, whence 

„ \dF F dFJ ,, FffF-FdF^ 

I dc F^ dc) F^. dc 

= E— —<? sin ft) sin to* = (? — c* sin to sin to® = — (F. 

-Pc 

,, d ( x\ d F FjdF- FdF^ 

N”" dc\^i)-di - Fr-Wdr 

, . , . — G” — GT 

which IS now= ;; ~^= i — 7=r-fg-- 
Fc.F^ ^ttG.Fc 

Multiply by ^tt. 

Eliminate dc by dc = — Fc . C\lp. Then with to constant and 


c variable. 


J — G^ dc (z® /-ig 7 

.^=-^ . C dp, 


= 0.0“; 


a remarkably simple formula 


*** Imaginary Amplitudes. 

10. We obtained the relation F^-F“ = F„, by making t = tan to, 
^ f dt 


»V(H-0\/(l + W),‘ 


Now if v = sin to, we get 


oV(1-v*)n/(1-cV)’ 
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which has a remarkable analogy to the other form. In trying to 
imitate the former process, we involve ourselves in imaginatries. 


Comparing <* with — v*, and fe* with c*, the thought occurs to 
assume sin © = — 1 tan ■«|r, 

.•. sin® 6) = - tan® 
cos® oj = sec® yjr, 

A (c«t)) = 1 + c* tan® = 1 + (1 — 6®) tan® yjr = sec® yfr — b^ tan® yjr 

= sec . A (6, i|r), 

also A (b-\[r) = sec a» . A (co)). 

tt 7 n / \ dft) d sin ft) 

Hence (c®) = t-t — r = t-t — r 

A (era) cos ®A (c®) 

“* 1 . d tan ylr ^ ~~~ 1 . dyjr' . ^ j tp ri, t \ 

° . AW ‘ ° ^ 

Integrate, observing that ® ■\Jr vanish together. 


Then F (c<a) = >^-l.F (byjr). 

I call F (era) and F(bylr) Anti-Nomes. Let x and y be the Meso- 
nomes. . . Cx = J— 1 . By. 


11. The same transformation may be applied to EG’^, but new 
functions arise. 

First, we have 

E (cco) = f Ado) = f A® . dF = f sec* -\/rA* (b^lr ) . J— 1 . dF{h'^) 

Jo Jo Jo 

= \/—l . f sec* ^ . A (b-\{r) dyjr. 
J 0 

But by Table, Chapter i., Art. 4, 

j sec® ® . Ad® = tan ® A + F — E. 

Therefore here 

E (cca) = \/— 1 {tan yjr . A (b, ylr) + F (b, yjr) — E (b-^)}. 

Hereby G (era) or 

E-i<,.F=J-l (tan ^ . A (bf) - E (b, + (1 - X,) F (b, f)}. 

This suggests a new Auxiliary J (b^jr) to mean 
Eibyjr)- (1-«.)F(6>^), 

J (era) = E (era) — (1 — ^<t) F (era). 


which implies , 
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Observe also that 1 - {\7rBG)~^, 

so that J (ca>) = E (c©) — ■F(c<o) = 0 (ca>) + ^ . 

Thus J (c, ©) perpetually increases with ar, and when u> = n. 


n. *7r n 


~ F, 
J,= 


B' 


In particular ^ , 

J (c, n. Jtt) = n.J^, in entire analogy to F and E. 
I call J the Antinomiscus. 


12. We found that when c* is omissible G (c©) = ^c* sin 2©, and 
vanishes with c®. But J (cm) does not vanish with and it will 
presently concern us to estimate it when b* is omissible, but not F. 

In Ch. L, Art 16, we found 

= (1 - iF) sin © + A6* . f sec © . (Z© (M) ; 

Jo 

also, when F is small enough to neglect, 

F F = F f secmda (N). 

Jo 

We have just introduced J (c©) for 

E (cm) - (1 - {<6) F (cm), 
or since now z= 1 — ^F, 

omitting F &c., J=E — ^FF, 

or by giving to E and FF the values in M and N, 

/ = (1 — ^5*) sin ©. 

13. Further, since 

/(c©) = (?{c©) + |^, 

change © to the conjugate ©®, a? to Jtt — a?, then 

Add these, observing that 

n J. a. — /,* 
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thence we find 

J (cta) + J (co)") = c’ sin w sin <a® 4 - ^ , 

6 

for the Conjugates ; or again, since 



J (cto) + J (cal*) — J^ = c‘ sin a> sin w®. 


14. For convenient transformation we have now 

0 (cft)) + \/— 1 . J (byjr) = V— 1 • A (b\(r) tan yjr, 

or again, changing cba to bcyir, which changes to —a>; 

J (co)) + V— 1 . G (6i|r) = A (cctf) tan a>. 

If y be mesonome to b-^, it will be an Anti-Mesonome to x\ and 
the equation 

[J (cat) — G (cft))} — V— 1 [J (b, y[r} — G (bylr)} = 0 
is equivalent to 



we have ^tt . « = a/— 1 .p.y, 

which show an analogy of 

V— 1 . p to Jtt. 


16, Antidiplonome. Multiply 
G (co)) + 1 J. (byfr) = A (cft)) . tan a> 

by dF(c(i}) = V-l.dF(bf)=-^^y 
then (coy) — J (6'^) dF(b^) = tan o) . c?(o, 

or *1 (cw) - [ (b-^) dF(b^) = - log cos co. 
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Write as a new Auxiliary 

K (cto) = f J (ceo) dFicco). 

J 0 

Then *7 (cco) — K (b^jr) = — log cos a> = log cos yfr. 

Of the auxiliary K I find only temporary need. But since 

J (cea) = 0 (ca>) + y , 

K M = |(? (co)) + || dF (c(o) ; 


we have 
and 

we deduce 


F(gco) = Ox, 

K (c«) = 1 (CO,) + 1^ = T (c®) + Yp • 


Let p be to b, what p is to c, therefore 

, ^irO 

p = , 

hence pp = 

and of pp' one or other is > ^tt. Also 


K (b-sfr) = *7 (byfr) + 


r_ 

V 


But from above 


T (c<u) = K {b^jr) + log cos i|r = T (byfr) +-§-, + log cos rjr. 

Zp 

I call K (b^) the Antidiplonome. Also 

{^-rrxf = - pY, or ppx^ = - pY, or ^ ^ 

Thus with one more slight change 

a?* 

1 (co)) = T (b^jr) log cos 0 ). 

Zp 


16. Imaginary Periods. Write d<f>v for 
{(1 - v‘) (1 - cV)}-* dv, 

which gives d<l> {v) = dFw, when o) = sin v. 

When V increases from 1 to c~\ the surd becomes imaginary, 
and in the interval, for ^(1 — we may better write 

±V-l 

but when v exceeds c‘‘, the value of the surd is again real. 
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There is no discontinuity at either crisis. In proof, first let 
’v = \+y and y be infinitesimal ; therefore 


and 


<f>(v)==c’ .\/y. 


thus the imaginary part vanishes with y, and there is no discon- 
tinuity. A like proof applies at v = c"*. 


Assume then 

w“* = 1 — 6V, d<l> (cv) ■■ 


± 1^—1 .dz 


V(1 - /) V(1 - 6V) • 


Integrate ; then <]> (cv) = <(> (c, 1) + V— 1 <f> (be), 

for when = 0, «; = 1, which fixes the constant of integration. Put 
V = c~‘, z — 1, and the imaginary part is complete ; giving 

4>(c, = 


Thus between v — 1 and v = c', the integral ±\/— l.Fj is 
generated. 

When V exceeds c~‘, let cv = w"', therefore 


, . d(c~^u~^) _ —du 

“ ^(1 - «■*) V(1 - «■*) “ V(cV* - 1) V(«’‘ - 1) 

^ V(1 - cV) V(1 -u^)^~ ’ 

. ^ (v) + <f> (u) = const. 

When u = 0, v = oc , const. = ^(00 )• 

. Also when v = c"‘, u = l, or const. = ^ (c~*) + ^ (1). 

Thus the integral generated from v = l to v = co , = <^ (1) equal to 
that generated from = 0 to v = 1. Also 

^(<x>) = <f> (c‘‘) + <^(1) = Fci V“*l ^ 1 , + ^c~ ± *7” 1 • -1^6 • 

Finally <f> (v) + ^ (u) = ^ (cc ), when cvu = 1. 

This is in close analogy to Chap, ill.. Art. 5, where 

yfr (bt) + yfr (M) = 'tfr (boo), when btt' = 1 ; 

and we are forced to regard (f> (cv) and (f> (cu) as Imaginary Conju- 
gates. 

N. E. I. 


4 
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17. Double Periodicity. This was first enunciated by Abel. 
The notation suggested in Art. 1 may be here recalled. Write 
ci=z\lx), for, “a is the amplitude whose mesonome is x, when the 
modulus is c.” Then sin |/a;) means the sine of this amplitude, or is 
equivalent to sin w. But when 

c = 0, F(c(o) = to, F^ = \Tr, 
x = a>, and sin ! = sin a> = sin x. 

Thus, when c = 0, the subscript 0 is omissible. Also to change ne 
to TT — x changes o) to ir - to (Art. 1), therefore 

sin I, (tt - a;) = sin |„(a:). 

Now if in the last Art. xx' are the mesonomes corresponding 
to c, V and c, u, ^{v) = F (cto) = Gx, 

and similarly ^ [u) = Gx, 

also F^ = pG. 

The equation cvu = 1 is now written 

c.sin|X®).sin|Xa!')=l, 

and from ^{v) + <f) (u) = 2F„ ±^—l.Fi = '7rG± J— 1 . pG, 
we get a: + a;' = 7r + p !• 

From this and c . sin |„(a!) . sin | j(x') = 1, 

eliminate x', and the result must be an identical equation, viz. 
c . sin I, (a;) sin I Xtt ±p x) = \. 

First change x into tt — x, and ir — x into x, with 

sin I Xw - a:) = sin I .’. c sinlX®) . sin|Xa; ± p V" 1) = 1- 

In the last, change a: to a; + p V— 1 ; then 

csin|X« ± p V- 1) . sinlXa; + 2p J- 1) = 1 . 

Compare these two equations and you see that 
sin I, (a: ± 2p V— l) = siD|c(«). 

Thus to add 2p f— 1 to the mesonome (or to take it away) does not 
affect the sine of the amplitude. It readily follows that 

sin|/2OT7r ± 2np V— 1 + a) = sinl„(a;), 

indicating a real period 27r, and 2p V-1 an imaginary period. 



CHAPTER IV. 

Euler’s Integrals, as improved by Lagrange. 

1. Problem. Given the equation F (co) -\-F{d) = F (t)) to find 
an algebraically intelligible relation of coOij, with common modulus c. 

Make d constant, therefore 

da _ dr) 

A (cd) a ( v ) ■ 

Call each fraction du, and treat u as the leading variable. 

Write (o', t), (o' , rj' for 

d(o dr) d^(o (Fr) 
du ’ du ’ du‘ ’ dF ' 

mu ' A / \ ' A / \ fw* = 1 — c* sin*®. 

Then <o = A (®), r) = A (r)), or k ,, , 2 • » 

^ (V* = 1 — O'* siirt;. 

Differentiating again 

2®" = — 2c* sin ® cos ® = — c* sin 2® ; and ^i)" = — c* sin 217. 

Let 2 ® = r — 5, 2-7 = r + s ; 

r =7 + ®, s = 7 — ®; 

rY = (7' + (o') (7' — (o) — 7'* — ®'* = — c* (sin* 7 — sin* ®), 
so 2rY = c* (cos £7 — cos 2®) = c* (cos r + s — cos r — s) 

= — 2c* . sin r . sin s. 

Again 

t" — 7" + ®" = — ^c* (sin 27 + sin 2®) = — ^c* (sin r + s + sin r — s) 

= — c* sin r . cos s ; 

s' — 7" —(o" = — ^c* (sin r + s — sin r — s) = — c* cos r . sin s. 

4—2 
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Hence 

rV 


— c* sin r cos . s _ cos s 

— c* sin r sin s 

n 


sin 8 ’ rV 


r 

r' 


cos 8.8 s 
> 


_ — c cos r . sm s 
— c* . sin r . sm s 

cos r . r' 


cosr 
sin r 


otherwise . , , 

r sin 8 8 sm r 

Multiply by du ; therefore 

dr' _ d sin 5 ds' _d sin r 
r' sin 8 ’ s' sin r 

Integrate; therefore 

log r — log 0 + log sin s ; log s' = log )8 + log sin r ; 
or r' = a sin s ; s' = sin r. 

o -n dr r a sin s 

2. Further oT '- — ! 

as s /Ssirij* 

whence a sin s . rfs = . sin r . (ir ; 

which also is integrable. Then 

acoss — /3cosr = 7 ; 

thus we have three constants of integration a, 13, 7 . Now 

r =7]' + (d = ^7] + Aa, s' = 7]' — (d = At} — Am ; 

At) + Aft) _ / _ a sin s _ a sin ( 7 ; — ft>) 

At} — Am s' /3 sin r ^ sin {7} + m)' 

But when m=0, the original equation, our hypothesis, makes 

A0+1 a 

y8’ 


7 ) = 6 , 


A0-1 

which is therefore negative. The ratio of a- to /8 being alone con- 
cerned, assume 

a = l+A(^), -^=1-A(0). 

In 7 = a cos 8 — (3 cos r, 

make ft) = 0, 7] = 0, s = 7i = 0, r = ij = 0; 

y — a cos 0 — 0 cos 0=(a — 0) cos 0=2 cos 0. 

Thus we have obtained as integral of 

dm _ drf 
Am At) ’ 
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two forms, which must be identical ; viz. 


Ai; 4 - Aft) _ A^ + 1 sin (»; — o>) 

Aij — Ao) A^ — 1 ‘ sin (ij + cb) ’ 

and (1 + A 0 ) cos (i; — w) + (1 — A^) cos (»; + cb) = 2 cos 0. 

But the latter by expanding cos {rj+w) becomes \ 
cos t; cos ft) + sin . sin <» . A^ = cos 6. I 


But ft) and 0 are exchangeable in the original; 

cos r) cos ^ + sin -j; sin 0A(o = cos &>. V 

Again in 1st to change m to —t), and rj to —ft),) 
reproduces our first equation, j 

cos ft) cos ^ — sin ft) sin 0Ar) = cos i].^ 


Thus we obtain 
3 equations 
out of one. 


If by involution we remove the Cardinal Surd, any one of the 
three equations yields (A) 

^ (sin* ft) + sin* 0 + sin*)^) + cos w cos 0 cos ri 

= 1 + ^c® sin* ft) . sin* 0 . sin* rj. 


The first integral is reducible to 

l\ — At} _c sin (ft) + 0) 
1 + Ai? Aft) + A0 


\J\ 


In proof, first multiply by — 1 ; therefore 

Aft) + Arj 1 + A0 sin (i; — w) 
Aft) — Arf 1 — A^ ’ sin ( 7 / + <») 

p, Aa)+ A t; _ (Aft)+ A» 7 )* 

Aft)-AT;“ A*ft)- A' t; ’ 

of which the denominator 


whence 


= c* (sin* 7] — sin* co) = c® sin (t; — «) (sin t; + <«) ; 

(Aft) + At;)* _(1 + A0) sin(T; — eo) 

c* sin (t; — ft)) sin (t; + <») ” 1 — A 0 ’ sin (t; + to) ’ 

Aft) + At; /\-\-A0 

c sin (t; — ft)) ” V 1 ~ 


Change t;0 to — — t;, since 

F{-0)=^F{-ri) + F(0)-, 

A(0+ A0 _ /I -t- A t; 
c sin (0 + ft)) V 1 — At; ■ 

This form, though seldom occurring, is sometimes useful. 
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Hence also sin 6 (Aij + A©) = (1 + A0) sin (rj — ®),| 
sin^.(A©— Ai}) — (1 — A^) sin + ©) J * 

3. To solve in the last Article, from the triplet of equations for 
rj in terms of © and 6, or for 6 in terms of © and t), we can proceed 
by easy elimination. To obtain sin t), eliminate cos between the 
two first equations of the triplet, or eliminate sin rf and thus obtain 
cos 7 ], In the third equation of the triplet, substitute for cos rj the 
value already obtained in terms of © and 6, and you deduce Ai? in 
terms of © and 6. All is merely algebraic routine. For conciseness 
put F”‘ for 1 — sin* © sin* 0, then you have 

'sin = F. {sin © cos 6A0 + sin 6 cos ^A©} 

. cos i; = F . {cos © cos ^ — sin © sin 0 . A©A^} 

Ar] — V . {A©A^ — c® . sin © sin ^ . cos © cos 0}. 

In these we change (orj to — •#;, — © as before and thereby get sin ©, 
cos ©, A© in terms of 17 and 0. 


4. Further, let Fa> — F0 — FK. Then in our results we may 
change 0r} into — 0, k, which does not alter F ; whence 

sin 1 ; + sin « = 2 F sin © cos 0 A^) 
cos t) + cos K — 2 F cos © cos 0 ) ’ 


sin •» + sin « ^ . - 

= tan©.Aft 

cos T) + cos K 

But in Trigonometry the left hand 

= tan I (17 + k)] 

.'. tan ^ (77 + «) = tan © . A^. 

Exchange © with 0, which changes k to — k. Thence 
tan J (77 - /c) = tan 0 . A©. 


If then © and 0 are given to find 77 , calculate ^ (77 + «) and ^(v-k) 
by the two last formulae and you obtain 77 from their sum. 

Cob. 1. If © = 0, or 2F© = Ft], you have 

* = 0, and tan (^ 77 ) = tan © . A©, 
which gives 77 from ©. This is called Duplication. 

Cor. 2. sin 77 — sin «= 2 F. sin 0 cos ©A©, which is sometimes 
of avail. 
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5 . Bisection of the Nome Firj). For this we must solve 
tan (^) = tan to . Aa> 

for w (Cor. 1 of last Art.) where ij is given. Put tan (^17) = e, given by 
hypothesis ; and sin © = v unknown ; 

tan©= , 

V (1 - V ) 

A© = ^(l-cV); 

/I - cV 

••• 

is to be solved for v ; or 

t)’(l-cV) = e*(l-w*). 

cV — eV — w* + e® = 0, 

»4 /I , n . . (1 + eT (1 + ^7 , 

c V - ( 1 + e*) t,* + - e\ 

whence 

rfV - 2 cV = V 1(1 + e-)* - 4 c-e-) = (1 + e>) 1 - c* , . 

But sin9; = j--^; 

.-. (1 + e®)- 2cV = (1 + ^) sin* ?;) = (1 + e*) A17, 

and 2 cV=(l + e*)(l-Ai7). 

1 2 


Now 1 +e*= 1 + tan*. ^7; = sec®. ^7/ = 


c*«* = 


1 — At; 


cos® .^ 7 ] 1 + cos 7 ) ’ 


. . V V ^ , • 

1 + cos 77 

Again ( 1 — A77) (1 + A77) = 1 — A®77 = c* sin 77 = c* (1 - cos 77) (1 + cos 77) ; 
1 — A77 _ c*(l — cos 77) 

1 + cos 77 1 + A77 

Hence finally, v* = \ +^A77^ ’ 

if c sin 77 = sin A77 = cos 

, _ 1 — cos 77 _ 2 sin® . (J77) 

^ ~ l+cosf ~2.cos®.(if)’ 

o,*». . n W T 


whence 


sin © = ; Q. E. I. 

cos (K) 

if sin $■= c sin 77. 
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6*«* When c sin ?; = g is small, Legendre elegantly exhibits sin &> 
and log sin to in series of powers of g. 

2 cos identically = V(1 + 0 + V(1 “ sin f). , 

Take the reciprocals of these, 

Vf! + sin f) — (1 — sin f) 


But 


A sec. if = ^ „ 

^ 2 sin f 

sin f = c sin ij = g. 

Then sec . K = + "gl 

g 




3 , 1 . 1 . 3 . 5.7 

6 ^ '*' 2 . 4 . 6 . 8.10 


g* + &c.[. 


whence sin to = sin . sec = sin (J17) . {1 + + ^k^* + &c.} (m). 

Next, put 25 : = log +i\/(l ~g*)}. aiid ^ with g. 

Observe that 1 — g® = cos’* 

i±|2if=,eo.K)-=(ity. 


J + iV(l-g’) 


Thus 

and 

But 

in which 


z = log (sin ^ 7 }) — log sin to, 
log sin (0 = log sin .\r} — z. 


2 dz = d log (1 + Vl - ; 

WO^). 


l + V(l- 5 '“)' 




/ 

Expand by Binomial Theorem 

'idz = - [k^g + A?,/ + Ajggf' + . . .} dg. 

Integrate and you get 

log sin ft) = log sin {^) + i |^i ^ ^ + &c.| (n), 

where g means c sin 1;, and the condition is 

F (cto) = (ci)). 



THE COMBINATION F"’ = 1 - C* siu* w sin* 6 . 


57 


Cor. Equate the two values of log sin a. Deduct log sin ^17 from 
both. Write x for g* which then is arbitrary, and you attain as an 
identity 

{1 + P*® + + p6®“ + &c.} = l\x + pgO* + + &c. 

a notable equality, with x arbitrary. 

7.*** But other results of Arts. 3, 4 deserve notice. (1) We had 

tan a = tan ct>Ad ; 
if for conciseness a = ^ (77 + *). 

Deduce COSO. We have 

sec* a = 1 + tan* a = 1 + tan* o) A*d = 1 + tan* o) (1 — c* sin* 6) 

= sec* 0) — c* tan* a sin*^ = sec* «» (1 — c* sin* a> sin* 6) = sec* a . F"’; 
whence cos* a = cos* to . F. 

Exchange <0 with 6, which alters /c to — k, but does not affect F. 
Thus from cos* . i (1? + «) = cos* m . F, 

we deduce cos* • i (»? — «) = cos* 6 . F. 

Eliminate F, and extract square root, then 

cos . ^ (77 + «) _ cos 0) . , 

cos — k) cos 6 ^ ‘ 

(2) Write sin co=p, sin 0= q, F*‘ = 1 — c*2>*3*. 

We had sin 77 + sin « = 2 F sin w cos 6^9, 

whence by exchanging <0 and 9, 

sin 77 — sin « = 2 F sin 9 cos aAoj, 

V containing a> and 9 symmetrically. Then 
(sin 77 + sin «)* — (sin 77 — sin «)* 

= ^F* {sin* 0) cos* 9A’‘9 — sin* 9 cos* a)A*ft)]. 

The quantity last in brackets 

=/ (1 - g*; (1 - cY) - g* (1 -/) (1 - c*p*) 

= (p’‘ - 1 + c* . pY + c*pY) - (g* - 1 + c* . g*p* + cYp*) 

= (P* - ?*) + cW Y - Y) = (Y - 9*1 (1 - W) = (/ - 9*) 
Hence 4 sin 77 . sin « = 4 F* . (p* — g*) F"*, 

sin 77 . sin * = F (sin* w — sin* 9) (b). 


or 
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( 3 ) Similarly, but with greater elaboration, we find 

1 + cos 1 } cos K. 

First cos rj + cos /c = 2 F cos a cos 6, 

and cos 17 — cos k= — ^V sin &> sin dAraAd; 

4 cos 7} cos K = (cos rj + cos «)* — (cos rj — cos «)* 

= 4F* {(1 -/) (1 - q^) - pY (1 - cY) (1 - cY)}. 

The quantity last in brackets 

= (1 — Y — ?* + pY) (1 ~ ^Y ~ ^Y + ^Y^) 

= (1 — cY<t) — (p^ + ^ ~ c^.p^ + ^ . pY) 

= 1 - cYq* — (Y + (1 — cy?®), 

or l-cYq*-(p^ + q^)V-\ 

but 1 - cYq* = (1 + cW) (1 - cYq") = (i + cYq") V'K 

Hence cos rj cos « = F. (1 + c®pY — Y — ?*)• 

Add to this 1 = F (1 — cYq’‘) '> 

1 + COS'*; cos /c = F(2 — Y — Y) = F(cos*a) + cos*0) (c). 

(4) Once more At; + Ak = 2 F . A© A0, 

At; — Aac = — 2 F. c* sin © sin 0 cos © cos 0; 
4At;A« = (At; + A/c)** — (At; — A/e)* 

= 4F* . {A*© . A*^ — c* sin* © sin* 0 cos* © cos® 0}. 

The quantity in brackets 

= (1 - c*Y) (1 - cY) - cYq^ (1 - Y) (1 - Y) 

= {1 - c® . Y + Y + <^VY} - <^Yq’‘ {i - (Y + Y) + YYl 
= ( 1 — cYq*) — c* . ^* + Y • (1 ~ c*YY) 

= F-‘ . (1 + c*yYj - c® . (Y + Y) • ; 

At; . A* = F (1 + C*YY “ C®Y — C*5®). 

Add 1 = F (1 — cY<f)’ 

Hence 1 -f At; . A/r = F. (2 — c*Y — oY) = ^ (A*© + A*^) (d). 
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In like manner it may be shown that 
(1 + sin 1 )) (1 + sin *) = F (cos $ + sin ©A^)*, 
(1 ± cos 7/) (1 + cos «) = F (cos © + cos Oy, 
A©Ad = At/ + c* sin © sin 6 cos rj, 

At) . AatAO = 5* + c* cos © cos 6 cos t/. 


By far the most important among these is 

sin T/ . sin « = F . (sin* © — sin* 6). 

In the other notation (see Ch. ill., Art. 1) if oc, y are mesonomes of 
( 00 , and therefore x\ y, x — y mesonomes of t//c, this equation becomes 

which is identically true, x and y being independent. Multiply it by 
tjc . >dc = c, and let f ^cx) mean Vc*sin {^x)-, then this equation gives 

flc x + v) fic ^c-tA-L/MZhI/MT. 

X, y and c being all arbitrary. 


9.%* Problem, To the complete Nome F,. \F ox Legendre’s 
Scale, which will be explained, this is an important Problem.] Write 
F(ca) = JF„ F(c,^) = |F, 

Then a, /3 are Conjugate, since 

F()8) + F(a)=F„. 

Also F — F(a) =■ F {(x). 

Hence for wO of the preceding articles we may write ^a, and for t/k we 
must put ^TT and a. For 

tan i (»/ + «) = tan a>A0 

we have tan^(^7r + a) = tan^. Aa, 

and for the law of Conjugation we get 

b tan a . tan /9 = 1. 

From these two equations we are to deduce a and in terms of c. 

First eliminate tan /8. Then 

b tan a . tan ^ (^tt + a) = Aat 

- /I 4- sin a . 

b tan a . / = . — = A«. 

y 1 — sin a 


or 
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The only unknown arc in the last is a. Let 

Jc 

1e = sin a, tan a 


bk 


V(1 


or 

If you put 
and solve for c* 


• \/ nil V(1 -c*F). 

= 1 - cT. 


{L-ky 
6* = l-c^ 
2ifc-l 


c* = 


(2-k)F' 

From this a table of trisection might he made by assuming values of k. 
Observe, that if c®, k be changed to c"®, k~^, the same equation is re- 
produced. — To solve 1 — 2A; + c^F {2k — F) = 0 for k, begin by removing 
the term containing the 3rd power. Put k=^h + \, 

F - 1 A® + (2c-® - 1) = 0. 

Identify this with (A® — ph A- q) (A* ph — r) ; 

••• q-r=p^-^; 

p{q + r) = 2c-‘ — 1. 

Eliminate q, r, and you get exactly 
4A® 

(p* — 1)® = — [the reciprocal of w® in p. 20 above]. 
c 

»/46* 

"V ’ 

.-. p® = 1 + w, 
q-r = n-^; 

fl-n 

®+’^=Vrn;' 

For k we want the smallest root, and that positive. We get it by 
solving A® +pA = r. 

Cor. 1. When c is infinitesimal, 2A — 1 = 0, a — ^ = 30°, the 
lower limit. 


Put 


n 


Cor. 2. When c = l, A = 0, n = 0, p = 1, — ^ = r= J, A*-|-A = |^, 
h + ^ or A = Vi = sin 45°. This is tho upper limit, to which a tends 
as c increases. 
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10. Since F(0) = 2F (a), tan JyS = tan a . Ao. 
We had tan (^tt + \%) = tan yS , Act. 


To eliminate Aa from these, eliminates c entirely. The result is un- 
expectedly simple. First 

tan a . tan (Jtt -I- ^a) = tan yS . tan ^y9. 

We have i = sin a ; for a moment put \ = cos then 


k 


V(I-F) 


• \/i r| Trigonometry) 


-X 


+ X 


Square ; 
or 


(l-kf ’ 

= (1 - k) (1 - \), 


whence 


^-f-A,= 1, 


or 


sino-fcos yS = 1. 


This linear equation, with the conjugate cot a . cot yS = 6, contains 
everything. Of course we have 

, 2k -1 
~(2-k)k^ 

with sin a — k, and cos ^ = l — k, 

so that 2^ — 1 = sin a — cos /8, cos* ^=1 —2k + 


Hence 


2k — = 1 — cos* I3 = sin* 

sin a — cos /S 


c* = 


sin* a . sin*/3 ’ 

A Table of Trisection seemed awhile the desideratum. 


• 11. Addition of Epinomes. Problem. To find the relation of 
Ea> to Ed when Fta q- Fd = Ft). If we differentiate 

cF (ft)) -I- cF {d) = cF(7)) 

with ft) and d constant, but c variable (in which case t) must vary with 
c), we get from Ch. i. Art. 11, 

,g d(c.Fa>) d{c.Fd)_i^ d,(c.Fn) , ^ die. Ft)) dr) 
dc dc do ’ dr) 

fl/Ti 

where must be estimated from Art. 3 above, p. 54. Then its 
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equivalent is 

{Ew - sin ft) sin <»*) + {E 6 - c“ sin 6 sin 

= (^^i7-c®sin);sini7'’) + &®- ^ 

Evidently then, if we put P = Ew ■\-Ed — Et), 

P will be trigonometrical. We find its value most easily by sup- 
posing that c and r) are constant, making a new beginning. 

Then 

dP = dEco + dEd = Aft)(Zft) + A 0 dd = . day 

sin 6 .sinij 

cos 0 — cos ft) cos 7 } jrt 

+ ^ ^ -d 0 , 

sin ft) sin 7 ] 

whence sin s) sin ^ sin »/ . dP = (sin a cos a>da> -t- sin ^ cos 0 d 0 ) 

— cos 7 ) (sin ft) cos Odm — sin 0 cos aydco) 
= ^d (sin® ft) + sin® 0 + sin® r]) +d (cos t) cos g) cos 0) ; 
where sin® 17 is a constant which we may add. 

But formula (A) in p. 53, Art. 2, reduces the last to 
^c® . d (sin® ft) sin® 0 sin® t}), 

that is to c® . sin w sin ^ sin 7; . d (sin co sin 0 sin 17). 

Divide by sin <0 sin 0 sin 77 on each side, then 

dP = c® . (sin ft) sin d sin 77). 

Integrate, then P = c® sin a sin d sin 77 + Cj . 

But when 0 = 0 , «» = 77, 

P = 0, .-. c, = 0, 

i.e. no constant of integration is needed. 

Thus we find Ew + Pd — P77 = c® sin m sin 0 sin 77. 

Cor. Since also Pw + Pd — P»7 = 0, 
every function of <f> made up of E-aF, where a is any constant, 
makes also <f>a> + ^d — ^77 = c* sin a sin d sin 77. 

In particular, when a = we have 

Gm + G 0 — (?77 = c® sin to sin d sin 77. 
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¥ 

12. We cannot similarly obtain — “I??. If we attempt it, 

we only alight upon 11: nevertheless when a} = 0 , we can find 
This, from 2Fa> = Frj, gives 


sin t) = 


2 sin m cos a>Aci> 
1 — c* sin^ 0) 


from Art. 3. Also 20 q) — Or} = c* sin* a> sin 17, 
Multiply by 


2dFa, = dFv=^. 

Aft) 


Then 


46rft) . dFat — Gt) . dFt) = c* sin* a . sin t) 


2d(i> 

Aft) 


Give to sin 17 its equivalent in the last term, 

4c* sin* ft) cos wdto 


whence 


.•. 4(^*1ft) — d“l77 — 2 • 4 . 

1 — c sin ft) 

4*lft) — 1)7 = — log (1 — c* sin‘ w) Q. E. I. 
when 2 F<a = J’77. 


13. Legendre also deduces Euler’s main equation of Art. 2 by 
Spherical Trigonometry very simply. 

Let 0)077 be the sides and a^y the Ar 
opposite angles of a spherical triangle 
ABC. Put 


c = 


sin OL 


sin _ sin 7 
sin 0 sin 77 ’ 

If also 77 be 



sin ft) 

and let c be constant, 
constant, so is 7. When cadaB vary, 
ft) decreases when 6 increases, and if 
AB change to A'W, the two lines cross, as in 0 . Drop Bn perpen- 
dicular to A'OB', and A'm perpendicular to AOB. Ultimately 
OA' = Om, the angle at 0 being infinitesimal, so OB = On, 

. . mB = A'n. 


But AB = r, = A'F 

since 77 is constant ; Am = nB'. 

But A'A = -he, BF = Ba>; 

.•. Am=—Bd.cosa, nB' = Seo . cos yS. 
Hence the equation Am — nB' 
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gives 

or 


Ba cos /9 + cos a=! 0, 


Ba> ^ d 9 
cos a cos ^ 


0 . 


Again, since sin a = c sin o>, 

sin >9 = c sin 6 , 
sin 7 = c sin »/, 


we have (with only signs doubtful) 

+ cos a = Aft), 
+ cos ,5 = A0, 
+ cos 7 = Ai;. 


Also we know 8a), Bd to have opposite signs, therefore the true equa- 

dca dd 


tion IS 


Aft) ^ A 0 


whence F{c(o) + F(c 9 ) = const. 

But when 6 = 0 BA coincide with BG and = 

F {c(o) F ic 6 ) = F {c, rtX 

under the condition that 

sin 7 


c = 


sini; 


or + cos 7 = A {cTf). 


Also by the known property of Spherics, 

cos 7 } = cos ft) cos 0 + sin ft) sin 6 cos 7. 

Only the sign of cos 7 remains doubtful. To decide this, suppose 7 
to be almost 180 ”, 17 is almost (oA 6 . This shows the negative 

sign to be right, or cos 7 = — A (07). 

Hence we have cos 77 = cos <0 cos 9 — sin &> sin 0 . A (c, if) 
with Fa -^Fd = Frj, 



CHAPTER V. 
Scale of Index 2. 


1. Lagrange's Problem, Given the equation 
F (ceo) = fi . F (Jif 0)y 

where c, hy fji, are constant, and 6 variable circular arcs ; find an 
algebraic relation between the constants ; also between the five 
elements. — The following investigation, when I began these studies, 
pleased me as very elementary and unartificial. As such, it may 
please other beginners. 


We know that if t = tan co, and u = tan 0, with 
+ 6^ = 1, and + g'^ 1, 

dt fxdu 


the given equation yields 
if /. (6, t) means 


/(^ t) f{gy) ’ 
V(1 + f) V(1 + 


Also by Binomial Theorem the reciprocal of the last has the form 

1 — Af + Af — &c. 

S« too the reciprocal of f{g, u) has the form 

1 — + &c. 

Introduce these series, and integrate then 

{t — \Af + ^Af — &c.) — ^BjU^ + — &c.). 

In the given equation a> and 0 vanish together, and in vanishing 
/j,u = t. 


When t* and u* ai'e negligible, 


fiu = t 


1 - ^Af 
1 — ^B^v!‘ ' 


N. E. I. 


5 
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On the right, insert as a first approximation, then 

This suggests as possible solutions, to try the form 


or simpler still, 
not but that 


, 1 — mt 


yM = 


1 — 




seems a possible form, with yjr and ^ rational functions. 

2. Start then tentatively with 

yTH _ 


u ■■ 


\-rf’ 

and seek relations of these elements by actual trial, r of course is 
constant. This assumption yields 

{\-riJ 

and to simplify, assume 2r = 1 4- r*, which reduces the numerator 

to (1 + f) (1 + rH^), and our assumption is exactly /a"‘ = 1 + r. 

Next, we deduce 

1 + - 1 + (^~y - 2r*) ^ + r-V 

Again, to simplify, assume fi^g^ -2r= 2r, which reduces the nume- 
rator to (1 + rfy ; and our new assumption means 

4r 


g^ = 4tr . y? = 


{l+rf’ 


whence 

Now also we have two results, 

and = (M). 



SCALE OP INDEX 2. 


61 


Thirdly we must seek fxdu in terms of t ; from our assumption 

fT^t 

. — ^ ^ mA 


/. fidu = d . j ^ = by routine — 


Now fi . dF {h, 6) = - 77 ^— — — r-r, • 

^ ^ V(1 + “ ) V(1 + 5'V) 

On the right of this last, insert the equivalents from (L), (M), (N), 
ai.d the result is V(T+-f)V(r ^.V) ■ 

SO that if we make a third assumption r = h we obtain 

lj,d . F (h, 6) = dF (co)). 

And with disposable constants chfir we have a right to make three 
assumptions. Then, integrating, we find exactly 

fj,F(h, 6) = F{coi>), 
which solves our problem. 

3. Many and important inferences follow. First, observe that 

'‘ = 1T6' 

so that the constants are related as in Landen’s scale, and 
/4-‘ = l+&, ^,= \{\+h). 

I. Thus F (ccd) = \{l-^h)F {h, 6), 

and FQi, 6) = {l+h)F (cw). 

II. Make w increase in w = ^ ‘ as 1 — hf 

is positive, so is u. When t = “ becomes infinite, therefore 

6 = ^TT. When t exceeds \/ 6 "*, u becomes negative. When m = ^ir, 
t is infinite and u (previously negative) sinks to zero, .•. 6 becomes tt, 
at the crisis of o) = ^tt. [When f = \jh, w = conjugate w*.] 

III. Introduce these values into I., and you have 

F, = ^{l + h) F(h, tt) or (1 + h) F„ 
a relation already found, in Chap. II. 
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IV. Write tan'^ for 6 tan <»; then 

^ - (l+6)« tani/r + tano) . . 

tan 0 = \ = *^an + oo), 

1 — br 1— tan'«|rtano) ' 

whence simply 0 = yfr + a>, or 6 — a — 


that is tan (0 — ( 0 ) = tan y{r = h tan w. 

This neatly deduces 0 when <0 is given, and shows, when b constantly 
lessens, that tan {0 — (a) converges to zero, and (0 — co) to 0, else to mr. 


Y. Moreover, if w increase perpetually from 0 to tt, |7r, &c. 
the t accompanying becomes zei'o and infinite alternately at the end of 
each quadrant; so that, each time o) receives ^tt for increment, 0 has tt. 

On this account the number 2 is called the Index of this Scale. 


4. From oa given, we now deduce functions of 0 by routine. 
I. From tan 0, we get 


1 + = 1 + 


l±^L^ 

1 -bf 


Now (1 - btj + (l+b.ty = l+ f + hr + bH* = (1 + f) (1 + bY), 
sothat = 

1 - bt' 

Reciprocating cos 0 = cos co . > 

whence, multiplying numerator by cos co and denominator by 

cos (0= sj cos® CO, 

cos'" CO — 6 sin® CO cos® a> — b sin® co 


II. 


cos 0 = 


Also 


III. .-. sin0 = 


kj (cos® CO + i® sin® co) A (cco) 

sin 0 = and tan 0 = -1- ^^ 2 “ ; 
sec0 1 - bf ’ 

(l + 6)< _ (1+6) sin CO 

v(i + f)v(r+W)“ v(i+6®<®) 


(1 + 6) sm CO . cos CO 

= c— — — — — = (1 + 6) sm CO . -T—. — r . 

\/ (sec® CO — c® tan® co) ^ ^ A (cco) 

More elegantly, if co® is Conjugate to co, sin 0 = (1 + 6) sin co . sin co®. 
Or again, since 1 + 6 


1+6/ \/h ’ 

•. yj/i sin 0 = yjc . sin co . Jc sin co". 
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Introduce 
then 
that is, 


IV. Further, we had (in Art. 2) ^1 + ^ ^ . 

X ■“ ot 

sin Q 


u = 


^ sin 0 ) , 
t = , herein ; 

COSO) 


cos^’ 

V(cos* 6 + g^ sin® ff) 

COB 6 ’ 

A (h, 6) cos® 6) + 6 sin® a> , 1 + 6^' 

^ j — , also = 


cos 6 

Eliminate cos 6 ; then A Qi, 6) = 


cos® (o-h sin® ft) ’ ~ 1 - hf ■ 

cos® ft) + 5 sin® ft) 


A (c, ft)) 

5. V. By law of Conjugates, cot <»* = 6 tan &> = tan -\Jr of Art. 3, 


ft) 




We had d = ft) + ^fr, hence d = ft) + (^tt — ft)®). 

1 1 — 6 tan® ft) cot a — b tan w 


VI. cot d 


tan d (1 + 6) tan <0 1+6 

1+6 


. 1-6 ^ 

2 cot ft) 2 — • ^ 


= ^ (cot ft) — tan 0 )) + J6 (cot o) + tan <») = cot 2ft) + 6 cosec 2a). 

VII. We may now add 

A (6d) _ cos® ft) + 6 sin®a) 1 + 6 tan® <0 
A (cft)) A® (Cft)) 1 + 6® tan*G) ‘ 

The equation tan '\^ = 6 tan m in Chap. ill. Art. 5 was developed 
for in series. Here we have only to replace by 6 — m, and we 

obtain d — ft) = ft) — 6 sin 2a) 4 |6® sin — ^6® sin 6ft) + &c. 

Besides, we have 

cos d = sin (ft)® — ft)), sin d = cos (ta® — to). 

Further 

1 —(1 — 6) sin® ft) 


(l + 6)A(6d) = (l + 6). 


A (cft)) 


_ (1 + 6) — c® sin® ft) _ (1 — c® sin® a>) + 6_.. , 6 

A (cft)) A (cft)) A (cft)) ’ 

-r^ = A(Cft)»), 

A (cft)) ^ ^ 

(1 + 6) A (6d) = A (cft)) + A (cft)®). 


that is, since 
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Similarly 

/■. I.X /I /i 7.x I - (I + sin* ® 
(l-6)cos0 = (l-6). 

_(l-b) 


c* sin* ® 


A (Cti>) 


= A (cffl) — A (c©*). 


6. Next, suppose 6 given to find ©. Identically, we have 
sin (a ±yjr) = sin a> cos yjr + cos © sin i|r = (I + cot © tan yfr) sin © cos yfr. 
But by hypothesis tan = 5 tan ©, 

cot © tan = 6 ; 
sin (© ± '»/^) = (1 ± b) sin © cos 
sin (® — _ 1 — 6 _ , 


or 


whence 

But 

Finally 


sin (© + ^Ir) 1 + 6 

© + i|r = 

0) — rfr = 2co — 0. 
sin (2© — 0) = h sin 0, 


This is the simplest equation for finding © from 0. 


When h is evanescent 2© — ^ = 0, as before shown by the series 
for 0. 

It is sometimes convenient to write A, A, for A (c©), A {h0) and 
A“ for A (c©"). 


Eliminate A® from (1 + 6) A, = A + A® and (1 — 6) cos ^ = A — A®, 
(1 +6) Aj + (1 — 6)cos0 = 2A, 

2 A A , 1-^ .) 

or 

i. e. (1 + /i) A = Aj + 6- cos 0. 

Multiply the last by H (modular to h), observing that {1 + h) H = G. 
Then CA = -HAj + hH cos 6 or G^A^ + cos 0 

in our notation for Landen’s scale. But to complete the analogy we 
ought to denote 0 by ©, when F (cm) =/iF(c,©j) and ;t 4 “‘ = l + 6, or 
/t = ^ (1 + c,). 

We had also by Art. 3, 

A, _ l + 6t* 
cos ^ 1 — 6t* ’ 

• fe/* = ^7 ~ C08 ^ 

A, + cos ^ A* — cos * 0 ■ 
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The new denominator is 

(1 — A® sin® 6) — cos* 6 — sin® 0 — A® sin® d — g^ sin* 6 ; 

hence 


. A, — cos 9 
Jo . tan 0 ) = — 


^ sin 0 

Again, since (Aj + cos 6) (A, — cos 6) = ^r® sin* 0, 
the last equally gives Jh tan to — - ^ ^ 

Further if 


.(a). 


Aj + cos 9 ’ 
FQief^) + F(h9) = F^, 
cos 9 1 — hf 


sin(9“ = 


A, 


1 + bf 


Thence in reverse, bf = 


1 — sin ^ 


1 + sin ^ ’ 

or Jb tan co = tan (^tt — 

whence also Jb tan ta® = tan (Jtt + ^^). 

Observe also that cos d® = ^ , by law of Conjugates, 




Also 


tan 9° = 


sec ^ = 

1 


gf sin 0 
cos 9 


g tan 0 g sin 9 


.{b). 

.(c), 


so that by (a), (6), (c) Jb tan to or 

is expressible as Jb tan to = sec 9^ — tan 9^, I 

yielding Jb tan to® = sec ff' + tan 9". ) 

But all this is mere preparation. 

We proceed to calculate F, E, from to and c given. 


Calculations by Lagrange's Scale. 

7. Calculation of the Nome. We have F{c(o) = Cx, and we 
presume the Modular C to be known. We need only to calculate x 
the Mesonome. Suppose amplitudes w to^to^to^... to be computed 
successively by the same law, 

tan (o)j — ft)) = 6 tan a, tan (ft), — <o^ = 6, tan ft)j , 

and so on. We know that the series hh^bJ)^... rapidly runs to- 
wards 1. 
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We found 

F=i(l +h,)Fj (ft)) indefinite 

and 


or 

G=il-'-h)E; 


F 1 F F^ 


Now 

Similarly we must make 

as successive Mesonomes. 


F 


F F 

= ZJ r = -^ 

( 7 / * ( 7 ,’ 

Then we deduce 


00 = 00 ^ = x^ = ^x^, &c. 

or X — 2“‘a:, = 2'^x^ = . . . = 2""«„ . 

Also when n is so large that c„ is insensible, F„ — (o^ and oc^= F^. 
Thus with a large n we have sensibly x„ = and x (which = 2~”x^ 
accurately) is 2“”a)„ approocimately. Thus x, which alone we need to 
find, is the limit of o), 2~'<»j, 2'*®j, ..., and all is reduced to the 

calculation of Wj ®8 ••• determining their values from the 
trigonometrical equations it must be remembered that each tends to 
be double of the preceding, which will guide us to know how often 
27 r is to be added to the arc whose tangent is known. 


8. Calculation of the Nomiscus, G {cm), from which we obtain 

E = V^„.F^G. 


We must first apply Lagrange’s scale to it. 

dm dB 

■ 


Since by hypothesis and 


/tt known, 


A 2 

multiply by (1 + hf . A’ = (Aj + h cos By of Art. 6. 


Then 


(1 + Kf . Mm = . (Aj* + 2/tA, cos 0 + A* cos* B).^. 

But cos* B = h!‘ — h* sin* B = Aj* — g'‘, 

so that (1 + h) Mm = (2A,* — 5'® + 2AA, cos B ) . 

2Aj 

^\dB^^f.^ + hco&BdB. 
Integrate; then {l-^h) E= E^-\fF^ + h sin B. 
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In this make a> = ^tt, 6 = '7r; 

{l+h)E,= 2E^-y\2F^. 

Multiply the last by = 

and subtract from the preceding ; whence (1 +h) 0 = 0^ + h sin 6. 
Multiply the last by H, observing that (1 +h) C, 

CQ = HG + hH sine, 

or in continuous notation CG = + c,0, sin ca^. 

This is the equation of reduction. 

Addtogether (GG-Ofi,), {Cfi,-Gfi,), {G^G,-Cfi,)... 
up to G‘„_, — and their equivalents. Then 

GG - GJx„ = CjO, sin <o^ + cfJ^ sin + . . . + cJG^ sin «»„. 

When c„ is insignificant, so is (?„, and = 1. Finally then 

GG = CjC/j sin a)^ + cfl^ sin sin w, + &c. ad infin. 

, = 1 (c„G^ sin a)„), with n ^ 1, 2, 3, 4 . .. 

which is very easy to remember. 


But to apply this formula, we may observe that, from (1 + Cj) (7, = (7 

^ ’ cG ^r+^) "" 

so that G = c [\fc^ sin Wj + sin sin Wg &c. 

Suppose (af conjugate to eo,, with modulus c„. Then since generally 

VCj sin a)j = Vc sin w . \/c sin w®, 
term of series , sin «»„ , . » 


sm (»„ 


This fraction measures the convergence ; and it is less than ic„_,. 


9. Galculation of the Diplonome Observe that, by (a) above, 

c^G sin ft) cos to 


cf)^ sin ft)j = ^c(7Vc, sin a>^ ■ 


2A (cft)} 


Hence 


GG = Gfi, + \G. 


c‘ sm ft) cos ft) 
A (cft)) 

dm 


dF_^dF,_ 

G * (7, ~0. A(cft))‘ 


Multiply by 



74 


ELLIPTIC INTEGRALS. 


Then 


c* sin ft) cos awZft) 


• c* sin* ft) 


*. 1 - ^ = - ^ log (1 - c* sin* ft)) = - ^ log A. 


Integrate : 

This is the equation of reduction. By its repetition, you get 

1 - 2'"\ = - i log A - i log A, - i log A, - ... 2-” log A„.j. 
When n=co , 1 = — 2“‘ log A — 2"* log A, — 2"® log A, — &c. ad infin. 

10. Thus far we have supposed cCjC^... to converge rapidly. 
Only when c closely approaches 1 it is expedient to work backwards 
by c c' c". Let <»' be so taken that sin (2ft)' — ca) = c sin &>, and a>" so 
that sin (2ft)" — to') — c sin to, &c. We have a right to assume w 
between 0 and ^tt. Then csino) being positive, so is 2o) — ea; and 
since sin (2ft/ — ca) < sin ca, 2ft/ — ca is < ea, or ca' < ea. Thus ta ft/ ft/' ft/" . . . 
a steadily deareasing series. But since tan (ea— ft/) = 6'tan ca', and 
the series hh' h" ... rapidly diminishes, the differences ea — ft/, ea' — ea", 
ft/' — ft/". . . rapidly diminish. Thus the series tends to a fixed limit ft). 
The greater is c, the more quickly is this limit sensibly attained. 


With 


thence you have 


F ^ .. B . B 

Q = hn combine Yy = hn‘> 


C. 


C 


G 


F 

B 


lu 


B, 


IS 


„ . . F F F" jpi”) 

Hence in reverse order ^ — — • * • = ^ ■ 

When 6‘"’* is insignificant, = 1, and F”^ becomes f sec coda if ca i 

Jo 

the limit of ea a/ ta" ea'" . . . Hence F= B . log tan (45® + ^ea). 

Also F = Gx, \’nx — p . log tan (45® + ^ca). 

11. When c is large, we proceed for E and O through J of 
Chap. IIL Art. 11. We had J" = (? + 

Gx 


X 


F’ 


G(J-G)- 


h'rrB- 


Similarly 


But 


7? H 

x^ = 2x‘, Q — (Chap. II. Art. 13). 


G 

Ti.(10 = 


B 


g, 

B, 


.X, 


i> 



and 

whence 
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(7 

GJ-G,J, = CQ-G,G,. 

Now we had GG - (7, O', = c,(7, sin oa^ (Art. 8), 

GJ.— G^J^ = Cj(7j sin <Dj , 
or reversing the scale G'J' — GJ = cG sin to. 

But (Chap. III. Art. 12) when b* is omissible, 

/= (1 — ^6*) sin < 0 , 

or (sin to — J) = sin to. 

Put R for G (sin to — J), which mil vanish with b, because it tends 

4 

to G . sin to, and G to log ^ only, while b* . log b is evanescent. 

Now cG=G'-G, C"J'-CJ=(C'-(7)sinto; 

also R — R' = G (sin (o — J) — G' (sin to' — J) 

• =((7'J''-(7J)-C'sinto' + C7sinto. 

Eliminate G'J' — GJ, then R — R'= G', (sin to — sin to'). This is our 
new equation of reduction. 

In it assume for cto in succession c'to', c"to", . . . c‘"’to'"’, and add the 
results, .•. R — i?'"’ = G' (sin to — sin to') + G" (sin to' — sin to") + . . . 

+ (7*"’ (sin to'""*’ - sin to*"’), 
when n= CO , 6*"’ = 0, .'. i?*”’ = 0. Restore G (sin <o — J) for JJ ; then 

GJ (cto) = (7 sin to — (7' (sin to — sin a/) — C" (sin a/ — sin a/') — &c. 

• When c is at all near to 1, to to' to"... converge to to very rapidly, 

4 

and G'G". . . converge toward log ^ , but the smallness of 6' does not 

here damage convergence. In fact we may replace the series 
GG'C'C'... by their 'proportionals B, 2B', 2*jB", 2*jB'"... and we know 
that B S' B" B"'... tend to 1, while the differences 

to — to', to' — to", to" — to'",... 

lessen far more rapidly than by the rate of successive halving. 

From J we can deduce G and E at pleasure. 
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12. It remains to find the Diplonome, when c is too large for 
the process of Art. 9. By Chap. ill. Art. 15 we put for a moment 


= 1 + 

2p 

Also we have = 2a;, = 2p, 

Hence K — = ^ — ^'1^. But the last by Art. 9 above 

= - 1 log A. 

For a moment lot L mean K + log A, L' mean K'+\og A'. 

Then L-2L' = {K + \og^)-2{K'+\og^') 

= {K- 2K') + (log A - 2 log A'). 

Now by reversing the scale in A" — |ir, = — | logA, we find 
2K'— K = — log A', whence 

L — 2L'= log A'4- (log A — 2 log A') = log . 

This is our formula of repetition, and if repeated («— 1) times by 
changing o) to w a" (o" ... it visibly yields 


Then 


L - 2”Z‘"’ = log + 2 log .„ + ... + 2”"’ log 


A‘"> ■ 


When we proceed to make n infinite, the formidable multipliers 
2”, 2"'^' require close attention. Let us compute A or A + log A when 
fc“... vanish, that is, all beyond 61 Now 

K={ JdF= f (1 - sin Q), ~ . 

J 0 J 0 ^ . 

But A = \/(cos'‘o) + F sin“a)), 


Jo ^ cos ft) 


Jo^ ^ cos ft) ’ \/(l + tan"*®) ‘ 

At present we seek only to estimate 2"A*”*, and suppose b*b^... 
and higher powers of F to be insignificant, 

then = f (1 ~ i^*)(l “ W tan adco. 

Jo 

The product here of the binomials is 

1 — J6*(l + tan*®) + ^ 6* tan*® 
but we omit b* and retain only 1 — J6*sec*®. 
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Then observing that sec*<» .do) = d tan m, we obtain 

K = I (tan a)dco — tan ca . d tan ©) 

Jo 

= — log cos ft) — J h* tan* a. 

i. 

But logA = logcosft) + ^log(l 4-6*tan*ft)) 

= log cos ft) + tan* ft), by developing the log, 

thence L or K + log A = ^6* tan**), if tan co be finite and b* insignifi- 
cant. Pass now from h to h'h " until is omissible. Accom- 
panying this change, to o)' rapidly converge to d a fixed arc 
less than ^tt. Thus 2"Z” converges to tan*a) and since the 

convergence of 6 h' b" is vastly more precipitate than that of 
1, 2"*, 2"*...2"”‘, there is no longer doubt that (X — 2’'X'"’) converges 
to simple L. 

A A' A" 

Hence first X = log ^ -1- 2 log ^ -t- 2* log + &c. 
subtract log A and you obtain K, or its equivalent 

(t (c®) - ^) = + 2 log + 2* log ^ + &c. 

This converges excellently, so long as the terms are duly kept apart. 


Scale of Gauss. 

13. Gauss alighted on a scale of Index 2, obverse to that of 
Lagrange. 

Suppose- as with Lagrange X’(c,ft),) = (1 + b)F(c(i>). 

Let sin ft) = V — 1 tan )|r, sin eoj = — 1 tan i/r,, 

.-. F{cco) = V - iFib^r); F(c^co,) 
whence F{b^-^^) — {l + b)F {byjr). 


.^Iso 


(1 -1- b) tan ft) 


_ (1 -I- 6) sin 


. y JL ly/ w-t . , oxju w 

tan ft), = p- — — becomes sm vr, = \ . „ . 

‘ 1-b tan* ft) ^ ‘ 1-4-6 sin“i|r ■ 

, 1 , • , (1 + sin -Jr) (1 4- 6 sin )|r) 

whence 1 4- sin vr, = ^ ~ . — ; 

^ ‘ 1-1-6 sin* -)|r ’ 

which shows that sin and sin -i/r reach 1 together, also reach —1 
together; having begun together from zero. Thus yjr and -^Ir^ coincide 
at the end of every quadrant, which fundamentally distinguishes the 
scale from Lagrange’s. 

Also since B, = {1 -h b)B, we find ^ , or the Meso- 


nomes are equal. 
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A second peculiarity is in the Conjugates. Let y/r>fr\ be 

conjugates. Then from the last equation we get (since I'd = \irB) 

Jtt^, . - F (61^,*) ^irB—F 

B^ ~ B ‘ 

which at once shows - — ^ ^ ; or the Nomes conjugatp-a to 

Jj 

have the same relation as the Nomes belonging to 
We easily obtain by combining 1 ± sin yjr^, 

1 - sinV - 

(l + 6sin»^ 


whence 


cos 


cos '^]r . A (byfr) 

1 + i sin®-^ ’ 


. _ (1 + 6) sin (1 + b) tan 

A(^) ’ 

(1 + b) cot = cot ^|r . A{byjr). 
Again for 1 — 6,® sin®'\^j; 1 + 6 = ; 


hence 

and 


A (tj-f j) 


1 — 6 sin®'\|r 


1 + 6 sin‘'‘-<|r ■ 


In reverse 6 sin® -Jr = ^ ^ , Jb sin -Jr = ^ /\ — ^ . 

^ 1 + A/^ ^ Vl + A, 

To calculate this scale for the 3rd Elliptic Integral Legendre puts 

sin \ = 6 sin yjr, and generally sin = b„ sin 

.•. cos \ = A (6-<|r), cos \ = A„ ; 


\/6sin 


'('“'s/r 


+ A.’ 


— cosX, 


tan J\,. 


but we had 

therefore ^ 

+ cos Xj 

Multiply by i^b, /. 6 sin -^ = ^6 tan J Xj or sin \ = ^/b. tan (^X^). This 
is the new law of succession for XjXj...X„. Since bbj>^b^... converge 
to 1..., the arcs XXjXj... tend to Jtt, making at last 
sin X„ = tan . JX^, , when- X„ = X„^j = 90°. 

This scale sometimes affords useful transformations ; but it is of 
very inferior importance to Lagrange’s. 
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Scale of Legendre with Index 3. 


1. In Lagrange’s scale we worked from < = tanft), 
V— 

^“V(1 + 0V(1+6V)- 

It is now preferable to start from 

F=—, — 

V(1 — •« ) \/(l — 

If in this form we change v into the result is first 

c~^dv~'^ ^ —dv 

next 


V(1 - c-V) V(1 - O ’ V(cV - 1) s/(v^ - 1) ’ 
and if further we multiply the denominator by V ~ 1 • V ~ 1 
numerator by the equivalent — 1, we reproduce the original F. 

If then, in hope of deducing F {cto) = fiF {h, 6), we tentatively 

, in which v = sin a>, z = sin 6, and m, n, fi are 


■mv 


assume az = v. . „ 

^ 1-nv^ 

disposable constants, we at once discern that the change of v into 
simultaneously with that of z into h~^z~^ must be admissible ; 
also that as v and z begin from zero together so must v~^ and z~^; 
that is, V and z must be infinite together. But the latter condition 

i« already provided in the equation iiz = v. ^ » which converges 

to 1* . - = — , when v and z are infinite. 

V n 

1 TflA^ 

2. In fiZ — v . ^ introduce c~V‘ for v and /t"V‘ for z, and 




it becomes 


1 2 2 
cv — m 


hz cv ' cV — n 


_ 


M-^hz: 


•CV . 


2 2 
n — cv 


2 2 ' 

m - cv 


Invert both; 
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This ought to be made identical with the previous equation, 
this we need two conditions ; first 


( 1 ) 


c^ = mn, .*. 


n — cV _ w (1 — mi?) 
m — cV w (1 — ni?) ’ 


which makes the newer equation 


tir^hz = cv.- 
m 


1 — mw* 
1 — nv‘ 


For 


Divide the original by this last, 


fj? _ m 
' ' h nc' 


( 2 ) 


, n nc o iivttw A 
m 


mnc 


m 


Two assumptions concerning the five constants have thus been made. 
Two more are allowable. 


3. As a third, suppose 6 to become ^tt, when a) = ^7r; then for 

m — 1 

n ‘ 


v=l, we have ^ = — 1, or from the original equation = — 

1 — n V — mv^ 


Eliminate /x; 


z = 


m— 1 " 1 


nv 


We know that when 1— 1;=0, 1+Z‘=0 by our third hypothesis; 
and here 1 + ^ = a fraction in terms of v, whose numerator 


m — 1 . (1 — nv^) + (1 —n)(v — mi?), 
must have (1 — v) as a factor. 

We may therefore assume (1 — v){p + qv +rv*) identical with 
(m — 1)(1 — nv^) + (1 — n) (v — mv^). 

First then from v = 0,p = m — l, and from v = co, 
r = {1 — n) m = m — c^. 


Next, q-p = 1 - 11 , or q = (m -1) + {1 ~n) = m -n. 
Also, q — r = {m—l)n = c^ — n. 

Eliminate r; q = {m — c^) -\- {<? — n) = m — n as before. 
Thus the 3 (pqr) rightly fulfil the 4 equations and we attain 
l+._n . ('m-l) + {m-n)v-h(m-?)v^ 
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As a fmirth and final assumption, let the numerator of the last 
fraction he an algebraic square. 

This requires (m — 1) (m — c®) = J — ”)*» 



4. To connect the two equations, mn = c’ (1), 

m, — n = 2 \/{rn — 1) \/(m — c’‘), 

or 1 — m”‘n = 2 \/(l ~ ~ (2). 


We fall back on our Trisection in Ch. iv. Art. 9, and assume 
sin’*^ = which for mn = c* gives a = c* sin“/8 and for equation (2) 

1 — c® sin*;8 = 2 cos /S \/(l — c® sin®/8). 

But in Ch. IV. Art. 3, making o) = 0 = ^ and giving to V its 
value (1 — c* sin* y9)"‘, 

2 sin ^ cos /3 . A (c0) 

' 1 - c® sin*fi ’ 

Whence we get = 

® sin /3 

though F (crj) = 2F (c/S). 

We cannot infer 77 = /8 without making each vanish: therefore 
we solve by 77 = 97 — /8; and deduce F (c, rf) = F{c, 97-/8), which is 
2F^ — F (c/3). But since also F (crj) = 2^* (c/3), we find JP (c/3) = | F^. 


5. Next assume a such that F(ca) = ^F/, then a and /9 are 
Conjugate. 




, _ V(1 — c* sin®/3) _ A (c/8) _ 1 

V(1 — 8in®/8) cos /S sin a ‘ 

Al 1 + _ (1 + Jrp ~'^ . 7>)® _ (1 + V cosec a)® 

“ l-c®7)®sin®/3 ’ 

but for conciseness we may keep n and write A for cosec a. 

Then = 

1 — v 1 — nv 

Change v io —v, to to —o), 9 to — 6 , z to — z, so that 

l-z {l-Avy 
1 + » 1 — nv* 


N. E. I. 
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Multiply together the two last, and take V- 




cos Q 

COSO) 


1 -ilV 
1 — 


6. We have provided that to change v into shall change z 
into Effect this change in the last, and it yields 

^ 1 - A-^cV 

hz \/ 1 — cV « ‘ 1 — rf'd^v^ ' 


But in the last denominator c®n”* = m. Multiply by 

fiz _1 — mv^ 

V ~ 1 —ntf ’ 

c A(h0) _A^ 1-^-^cV 
‘ h ' A (c©) n • ‘ 1 — nv^ 

c 

•• ^ h~ n ’ 

A (h0) _ 1 — cV sin® a 
A (ccd) 1 — c*«* sin* ‘ 




Make v = 0, 0 = 0; 
hence finally 


Cor. The last equation of constants shows 


h = fjb 


nc _m — l 


. no sin a, 


or 


1 — to "* 


h = . mnc sin®a = c® sin*a . 

1 —n 


1 - sin® <8 
1 - c" sin®/3 ■ 


COS l3 

The square root of the last fraction is or = sina, by law of 


Conjugates. 

Finally, then h = c’‘ sin*a ; 

an equation cardinal in these constants. 

Contrast it with h = of Landen’s scale, 

\l + oJ 


7. Again for conciseness, write / for c sin a ; then since A 
means (sina)"* we have A.f = c. We have obtained three chief 
equations , 


_v — mv^ /I — ^® _ 1 - A®v* A, _ 1 — /®i)* 

1 — flv® ’ V 1 — 1>* ~ 1 - ni;® ’ A ~ 1 — «* ‘ 
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Multiply the two last together ; then 

A, /i-^* ^i-(4*+/*)«*+^yv 

A ■ V 1 - V* (1 1 nvy 

But differeatiate the first of the three ; then 

dz _1 — (3m — %)?;*+ mnv* 

^'dv (1 - • 

Compare the numerators of the two last fractions on the right. 
They have the same coefficient of v* ; for 

= = 

Hence the two fractions will be identical if we can establish that 

3m — n = A’‘+ 

Now, I say, this is true, by the law of Trisection, Ch. iv.. 
Art. 9. 


There we have k for sin a, 

1 — A; = cos sin“ ^ -2k — k'‘. 

The equation to be here tested is 

3 cosec® — 0 ® sin® ^ = cosec® a + c* sin* a. 
Expressed in functions of k it becomes 

^ :_c®(2fc-F) = p + c®A;». 


2k 

Expunge c®A;* from both sides, then solve for c®; you obtain 
2k-l 


c = 


k^.(2-k) 
We have then proved that 


; precisely correct. 


dz _ A, l\— z^ 
^ ‘ dv~ A ■ \/ 1 — V* ’ 


or 


fidz 


dv 


; or fj,F (h, 9) =F (cft)). 


A..v(i-^*) A.^J{l-^y 

Cor. Since when 

ft) = ^TT, ^ = f 7r, p. = F,. 

Eliminating p, 

F (cft)) _ 1 F (hS) 

~~F7 "3 • IT* 
and 3 is the Index of the new scale. 


S— 2 
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8. An Obverse scale is hereby found, as that of Gauss from 
Lagrange’s; but it is perhaps of less importance since Jacobi’s 
generalization. 

Writing sin <» = \/— 1 tan 

and sin 6 = V— 1 tan 

with + = 

you find by usual routine 

= F{he) = ^J-lF{gx), 

whence F(b^) = fiF ( gx)- 

But since the primary equation is now transformed into 

tan _ 1 + J.* tan* yfr 
^ ' tani/r 1 + n tan* i|r ’ 

and X begin together from zero, and when tan yfr becomes infinite, 
(I tan ^ = A* . . tan -kfr, or tan % is also infinite. 

In short, they arrive together at the end of every quadrant. Making 

= X = • 

The analogy of this Obverse to Gauss’s is perfect. 


9. Here of the constants chfi only one is arbitrary; are 
deduced from c by Trisection. Legendre finds it best to refer all to 
fi, which he names the Regulator. In Art. 3 

_ m — 1 _ cot* 

-c*sin*y8’ 


by law of conjugates ; 

_ sin* o 
^ sin* B ' 


As we began from w = sin a», z=* sin 6, 


the primary differential equation is 

fjidO _ day d0 A (h, 0) 
A {h0) ~ A^^) ^ 5^ ~ A^(c^' 
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But iu Art. 6 we found the last fraction 

_ 1 — c*«* sin* a 
■■"l-cVsin*/3’ 

dd _1 — cV sin* a 
" ^ day 1 — nv* ’ 


which admits of new integration. 


Since 


and 


_ sin* a 

. c* sin* a = ^c* sin* /8 
= fin 

dd _ fi~^ — nv^ 
day 1 — nv^ 

1 — nv 




Restore 

Integrate: first, 
Here 


V* = sin* o). 

6 = (0 + {fi-^ -1) J j— 


day 


nsin ay 


— - 1 = - 
sin* a M 

which, by Conjugate Law, = 2 A (c/8). 


.. , sin*^ , ^k-k^ , 2COS/3 

/a - 1 = -7-^i 1 = 1 = — i ^ ^ 

~ k sin a 


Thus 


6 — ay 


^ 

Jol- c*si 


A (c/3) day 


sin* /3 . sin* ay 


In the denominator here 

c*sin*/3 = l- A*(c^). 
For a moment write e = A (cj3). 

The denominator is now 


1 — (1 — e*) sin* ay = cos* o) + c* sin* ay ; 


1 

S 

1 

I" edo) _ j 

f e . sec* ayday _ | 

r ed . tan o> 

2 "J 

0 cos* 0) + e* sin* 0) j 

0 1 + e* tan* oy~J 

ol + e*tan*c» 


Our integral is now ~2~ ~ tan"‘ . (e tan &>). 

Pass to tangent on both sides ; then tan ^(^ — ©) = A (c/3 ) . tan a>. 

This is the equation by which d is computed from given a» in 
Legendre’s scale, but at each step A (c/8) must be found from the 
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modulus, as first from c ; at the second step h must first be calculated 

by some equivalent to h — c*sin‘ a, 

and so on. 

Such complexity in the constant makes this scale (though its 
convergence is far better than Lagrange’s) practically unavailing. 

This weakness is overcome in the Higher Theory if we pass from 
c to p as leading constant. A table of Trisection with <0 as argument 
would do much, or would have done. 


10. Another relation is found from Art. 5. We had 


whence 


1-z _ {\-A vf 
1 + V 1 — nv‘ ’ 
l+z ^ {1+ Avf 
\ — v 1 — nv^ 


Eliminate 1 — iiv\ then 

1 + Av 


/I + z _1 + Av /\—v_(nna+v ji—v 
'y \ — z 1 — Av ' 'y 1 + v sin a — v \ 1 + v ’ 

or tan (45° + ^6} = , tan (45° — 


sin a — sin 0 ) 


where the fraction admits the form 


tan ^ (a + o>) 
tan — 

This gives 6 from (o, if we are expert in trisecting for a. 


11. The constants, as referred to p. the Regulator, which is > 
First, as Definition, k means sin a, where 

F(c, = also F(c, ^)=fF,. 


Then c* = 


2 A ;-1 
P (2 - k) 


is test of Trisection ; a and are Conjugate. 


Therefore 
Also since 


smff = 


cos a 


A (ca) • 

F(c^) = 2F(ca)-, 

tan = tan a . A (ca). 

To eliminate c out of the two last, we eliminate A (ca), which 
gives 

sin /Q tan i/S = cos o . tan a = sin a. 

sin . tan |/9 = sin ./\ — = 1 - cos 

V 1 + cos/8 


But 
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Finally then sin a + cos /8 = 1, 

a relation independent of c. 


Since 

sin OL = k, cos /8 = 1 — A:, 


sin® /S = 2Ar — A:*, 2A; — 1 = sin a — cos /S, 


sin® a k 


^ sin®/3 2A;-A;® 2 -A;’ 

whence 

, . 2« 

A: or sm a = — 

1 +/t 

also 

cos /8 = 1 — A: = — - 

H-/it 

in reverse 

1- cos/9 . , X i£> 

"“l+cos^’ 


V 2 

r+^/ ’ 


so too cos®a = (1 — A;)(l + A;) 


1 — /It 1 + 3/t 


Further 


In 


sin a = 


AW 

V 


1 + /It 1 + /It 

_ cos /3 _ 1 — /u, 

2/t 


sin a. 
sin»/3 = 


sin® a 


_ 


(1 + At)*’ /t (1+^)®- 

j sin a — cos /8 sin a — cos /S 


A;®(2A:-A:®) sin®a . sin® /(3 ’ 
substitute in functions of /t ; therefore 


2/t 1 — 

1 + /t 1 + /t (3^ — 1) (1 "b /*)* 

/ 2/t Y 4jit 4® . /u.® 

Vl+/t/ ■ (l+/a)® 


Next, a and /S being Conjugate, 

tan a . tan /? . 5 = 1, 

, j _ cos® g cos® /8 
sin® a ' sin® /8 ’ 
l + 3/t \ /I -/tY 

r 9 _ \1 + /t 1 + /It / \1 + /a/ _ (1 + 3/t) (1 — /t)® 
~ / 2/It y 4^ ~ 4*/[t® 

\1 + fi) (1 + /t)* 

Thus 6® is the same function of — /it, as is c® of + /a. 


( 1 ); 

■( 2 ); 

.(3). 


( 4 ), 


(5). 


.( 6 ). 
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12. Further 




,8 1 + M 




.( 7 ). 


But assume 3/*/*' = 1, we find 

Thus h' is the same function of /t' as c* was of /t. We infer that 
g' is the same function of — fjf as is h* of + gf or 

g-{l + fi). 

or replacing fi by (3/i)"‘ we find ft<l, since 

( 8 ). 


^‘ = (3/.+ ir. 


4V 


Thus cbhg are related as ghbc. 

The same is denoted by F^=3/i. and fiF^ = F^ ; whence 

B_1 G 

G~S H’ 

whence further p = J . p, , if p, is related to H, G as p to C, B. 

13. We may now further estimate 

7 r' 4yLC* ’ 

c\cos*a = (l-^’‘).^^~ ; c*cos*^ =(3/t-l)(l 

14. To find ^ . We had ^ = - 6*c . C* in Ch. ii. ; therefore 

dpL _dp, dc 
dp dc 'dp’ 
and from d . log (c*) you get 

2 dc _ (1 — p.) dp, 


so that 


3‘ c (3p-l)(l +p) • p ’ 
dp _2 p (3p — 1) (1 + p) 


dc 3 c 
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Tfaisyielda ^ f . C7 6 . , 

in which if you give to 6* its value as a function of /*, the result is 

=-2 0Vcos*a. 

fidp ^ 

15. To find the relation between and in this scale — (the 
Ancillae). 

From equation (a) 


which also 
Divide by F^, 
But 

Eliminate dc, 


- K(K -!>•)■ 

... 6-c.%?- = S.-6-. 

-dc=b^c.G^dp. 


Gall this for a moment F (c), or 

dlogF, 

dp 

d\og^ 


Change cp to h, 2p, 


2dp 


■ T{c). 

■.r{h). 




i.e» 


r (c) - 3r (^) = - ^ = |(7V cos* a (Art. 13). 


Restore the values of F and divide by C* = 


Subtract the last from 

. h’ (3<.-l)( l+p) 

3/” 48/ 

observing that 




|c* cos* a = I . 


( V - 1) (1 - 


16/i* 


(3/t -l)(l +a) 
■■ 48 m“ 


. 12(3,. + l)(X-/Ji 
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= = |c* sin* y3 (Art. 11). 

This is the simplest relation, but cannot conduce to calculate by 
repetition. 

16. Problem. To connect G (ca) and G Qi9) in this scale. 
dx 

We had ^ when a is constant. If w and c vary together 

in X, we have ^ ^ V = ^2.(o 

Change from cm to h6, which changes x to 3a; and p to 3p, 

Identify x and p in these and make m constant or hoa = 0. 

1 de 


Then 


GG{cm'‘)-HG {hff>) = -:, 


SHA (hO) ‘ dp 


dO 


We need to find -7- with ca constant. 
dp 

Above we had ^ — ca) — tan“‘ {A (c,8) tan (»}. Differentiate with 

a> constant, changing A (c8) to its equivalent in /x. 


dd d 

^=^.2 tan 
dp, dp 




— 4 tan ft) 


4yu.* + (1 — p^) tan* oa ' 


Also 


(Art. 14), 


C=2pH, C^ = 3pGH-, 

4^* + (1 — pf tan* CO = 4/u,* sec* a> {cos*® + A* (c 8 ) sin* ®} 

= 4^* sec* w . (1 — c* sin* 8 sin* cu ,, 

d6 _ dd dp _ 4 tan co . 2pOH (9p^ — 1 ) (1 — p^) 
dp~ dp ’ dp ~ 4/i* sec* ® (1 — c* sin* 8 sin* co ) . 16/x* 
sin ®cos ® 


= 2CH. 


(c*sin* 8 ). A*(ca) 


1 — c* sin* 8 sin* oa ' 
which is to be divided by SHA {h, 6). Observe that 

A (h0) (1 — c* sin* 8 sin* ®) = A (cco) (1 — c* sin* a . sin* co), 
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de 


zu 


c* sin’ ^ . A* (ca) 


JL WV O * • ft \ ^ 

■ V 77 - >>v . .y = 4 sin ft) Sin ft)'" . •= 5 ~;-s ^ 

A (A, 6) dp ^ 1 — c sin a . si 


sin^ ft) ’ 


so that (CO)®) - FG (A0®) - |(7c’ sin’ ^ • 

We proceed to change ©* to ©, and inquire how this will change 0. 

F (c©®) =F,-F (c©) = - iiF {h, 0) 

= {^F, + F{hff‘)] = fi. F {h, IT + 

Hence when © changes to ©®, 0 changes to tt + ^, and io it — 0. 
But G {tt — 0) = G (0), we have simply 

GG (c©) - HG m = fCV sin’ ^ . A’ (ca) . ^ . 

** ^ ' 1 - c' sin’ a sill’ ©" 

Cog2 ^ 

Finally in the denominator, write ^ for sin*©". The last fraction 
becomes 


A’ (c©) 

A’ (c©) sin ©* sin © 


A’ (c©) — c® . sin’ © cos’ © ’ 
and the new denominator is 

- c* sin’© - c® sin’a (1 - sin*©) = (1 - c* sin’ a) - c’sin’ © cos* a. 

But cos* a by law of Conjugates = A* (ca) . sin® 0. Hence the last 
= A* (ca) {1 — c* sin* 0 . sin® ©j, 


so that CG (c©) - m Qi0) = ^G . 


c® sin’ . sin © cos ©A (c©) 


1 — c’ sin® ;8 sin’ © 


since 


sin © = 


cos © 
A (c©) 


17. The chief interest of this result is in its application to the 
Diplonome. 

\ir u- 1 4 . 1 . 1 4 . i. dF(c(o) 1 dF(h0) 1 d(o 
Multiply the laet by ^ . -A ^ ' A M ’ 

2 c® sin* ^ . sin © cos ©d© 


G (c©) dF{ca>) - ^G {h, 0) dF{h, 0) = 


3 1 — c® sin* ^ sin* © 


Integrate : *lc© — J • "T (h0) = — J log (1 — c® sin* ^ . sin’ ©). 

This equation is curious, as an omen of 1 (c©) 0) in the 

scale whose Index is n ; yet it is dearly bought at the price- of so much 
algebra. 
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THE HIGHER THEORY OF F AND E. 


CHAPTER VII. 


Jacobi’s Functions A and 


The Algebraic Products S and T. 

% 

1. Let q be less than 1, v be real or of the form a + . nj — 1 . In 

fact, we shall presently suppose v + = 2 cos x, or^ = Let 8 

and T be functions of q and v, as follows : 

(( 1 - 9 ^) ( 1 -?V) tl-?V) ...'I 
- (« ^ ^ • 1(1 - 5*0(1 - q*v^){l - <fv-^) ... I (I call these two 
j(l - qv^) (1 - 5V) (1 - 5V) ... j the Pronomi) 

^ ” i(l - 90(1 - jV*) (1 - 5'0 • • • ) 

which however converge for all values of v, because the exponents of 
q increase beyond all limit. 

For /Sf we write 8 (y) or 8 (q, v), for T also T{v) or T (5, v). 

2. We see at once, that 

8 (v-^) = - 8 {v) = 8 {-v), 

T( 0 = T{v) = T(-v). 

But further, since, if we write qv in place of v we get 

s (9, 9 ^) = (9« - 9"‘^“) ~ ^ J “ 1 ~ ^4^-2 ‘ ■ ■ 

3 ’o’ l-S‘t'M-sV ... 

(.1 — 5 v"* . 1 — gv"* . 1 — 5V* . . . 


T (g, qv) 
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comparing these with the original series, since 

(gw — g”V‘) (1 — w"®) = (g®w* — 1) (v — w'*) 
we obtain (understanding the constant element q in all) 

S (v) = — gw® . 8 (gw); T(v) = — gw® . T{qv). (a). 


Again, writing \/g*‘ . w in place of w, we similarly find 
T{v) = — \/qv .8 (\/qv) ; 8 (v) ■= — v~^ .T (Vg”'^) 

= w. T{\/qv). 

3. Hence generally, 

(S (ww) = - qni"v^8 (mqv), 

T (nv) = — qnVT (nqv). 

8 or T (mv) 


And if f(v) mean 


8 or T (nv) ’ 


Or if /(w) mean 


and 


8 (mv) . 8 (nv); to fix ideas 
/(w) = g*?nVw\/(gw), 

T (mv) . T (nv) = qmnv^ . f(>Jqv). 


(b). 


(c). 


4. Algebraic multiplication of the factors, joined to 
8(v-^) = 8(-v) = -8{v), 
shows that we may assume 

8 (q, v) = Q(v- w"‘) + Qj (w* - w"') + Qg (w® - w"®) + &c.. . . 
where Q, Q^, Qg ... are determinate functions of g. Change w to gw. 

51 (g, gw) = Q(qv- g'‘w"‘) + Q, (g®w® - g’®w"®) + Q, (g®w® - g"®w“®) + . . , 
Substitute these series in the equation 

• 8 (q, v) = -qv\8 (q, gw) 

of Art. 2, and compare the coefficients of like powers of w, since we 
know the coefficients to be determinate. This gives, 

Q^— — qQ\ Qs= — q*Qi' Q* — ~ = ~ i^Q„' 

whence Q, = g®"‘Q: = - q'^Q: ... = (- l)»g®"^- 

Now 2 + 4 + 6 + ... + 2?i = w (ft + 1), 

8 (q, v) = Q {(w - w"') - g‘ ® (w® - w~®) 

+ * _ y-^) + &c. . . .), (d) 

leaving only 0 unknown. 
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5. Write for the last with n for 1, 2, 3, 4... under S, 

S (t;) = Q . 2 (- 1)"- g'”-'*" 
and apply the formula (b) of Art. 2, 

T{v)^-^qv.S{^|qv), 

or T (v) = - Vgw . Q . 2 (- 1)"'* . g'**"*'" 

= + <2 . 2 (- 1)" . {g”?;'" - 

= + Qt{- l)"{g""i)®" - 
Restore for ji = 1, 2, 3, ...; 

that is T (g, t;) = Q {1 - g" (t)» + v^) + g* ® {v* + v~*) 

-g® ” (w®4- w"®) +&C.} (e). 


6. To find Q, we may make ^) = 1 in the last, and in the original 
definition of T {q, v); then 

^_ (l-g)®.(l-gy.(l-gY... 

^ l-2g'' + 2g*^-2g®®+...- 

But we shall presently show that 

Q-‘ = (1 - g*) (1 - g®) (1 - g®) (1 - g®) . . . (Art. 15). 

Meanwhile, it is convenient to denote Q by (g), function of g. 

7. Note. The process in Art. 4 may seem to assume the 
Postulate, that if a double series 


A + 


A/ Ay 


converges, and is equal to a second series of the same form for all 
values of — the coefficients being independent of — then the two 
series are identical term by term. 


But this does not state the case truly, for it overlooks the enormow) 
iruyrease of the exponent (with the increase of n) in g" ” and g""""', while 
g is < 1. The only needful assumption is that the original 8 and T 
in factors (which through the lessening of g” as m increases, cer- 
tainly converges) cannot have more than one equivalent of the type 

and this is really established in Algebra. 
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The Trigonometrical Series A and 

8. When we put v = and reduce to functions of w, it is con- 
venient to assume 

A (q, x) = 2g'^ {sin x — sin sin 5® — &c.} 

@ ( 5 ', a?) = 1 — * cos 2a; -F cos 4a; — 2^® * cos 6a; + &c 

which yield 

q^S («) = V' — 1 . ^ (?) • A (a;)| I call A and @ 

T (v) = <}> (q) . ® (x) I ' the Synnomi. 

The multiplier ^ is added to A, to make the exponent \ {n — 1) .n 
an algebraic square, as in the other series. This multiplier makes A 

a function of ^ rather than of q ; which is sometimes of importance. 

For to change »Jq into - ^Jq changes into 1 and hereby A into 
^/r-lA, while it leaves 0 unchanged. 

Also A (— 5, a;) = 1 . A (g, a;) ; 

® (- ?. ® ^ + h"^)- 

q^S{v^ -\) = ^-\.ii>{q).K{x^^Tr)-. ' 

T {v^ - 1) ■== <^{q) .% (x + ^tt). 

9. Observe that 

jA (— a;) = - A (a;); A (a; + tt) = — A (a;); A (tt — a;) = A (a?).) 
(@(— a;)= @(a;); @ (a; ± w) = ©(«); @ (tt — a;) = @ (a;).) 

By, A® we shall denote A (^tt — x) or its equal A (Jtt + x), and by 0® 
similarly @ (^tt — x) or its equal @ (^ir + x ) ; and we shall call x\®@® 
conjugates to A@ for a reason which will soon appear. 

A (x'\ 

Also let A' (0) stand for — — , when a; = 0, then we have 

A'(0) = 2 q^ {1 -Sq^^+ 63* ® - 73® * + &c. . . ) I 
© (0) = l- 23 “-t- 23 ®*- 23 ®®-H&c....)f 

A(i7r)=23^|H- 3*®-l- 3* ®+ 3’‘ + &c. ...ir 

© Q7r)= 1 -I- 23’-‘ -f 23® ® -h 23® * + &c. ... W 
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10 . Writing ^ for v in the primitive form of S and T, we 
get from (f), 

x) 

= 2 g^sina;(l — 2 g*cos 2 a: + g*) (1 — 2^^008 2 ® +g '®) (1 — 25® cos 2 ® + 5'*)... 
and ^( 2 ')®( 9 . 

= (1 — 25 cos 2® + 5®) (1 — 25® cos 2® + 5*) (1 — 25® cos 2® + 5*®) . . . (g), 
of which we have as particular cases 

<t>(q).A'{ 0 ) = 2 qi{l-qy(l-qy(l-qy... 

4 >{q).e{ 0 ) =(l-5)®(l-5®)®(l-5®)®... 

<i>{q). A (Itt) = 25* (1 + 5®)®(l + qj (1 + 5®)® . . . 

(5) . @ (i'rr) = (1 + 5)® (1 + 5®)® (1 + 5®)® ... ) 

These, compared with the four equations of the last Art. give 
four values of (f> (5), one of which was obtained in Art. 6. 

11. For a moment, write 

a = 1-5. 1-5*. 1-5®...) 7= 1-5®. 1-5®. 1-5®...) 

/3 = 1 + 5 . 1 + 5®. 1 + 5® ’ S = 1 + 5* . 1 + 5®.l +5® 
which give 

<!> (5) . A' ( 0 ) = 25* y ; <j>{q) A (^tt) = 25* 8* 

4 >(q).%{ 0 )= «® ; 4 >{q)®i^ 7 r)= / 3 ® T 

Also 

a/S = 1 — 5®. 1 —5®. 1 — 5’® ... ; 78 = 1 — 5® . 1 — 5® . 1 — 5‘® ... , 
so that 0/3 . 78 = 1 — 5* . 1 — 5® . 1 — 5® . 1 — 5® . . . = 7 ; 
or 0/38 = 1 ; 

*’(}).A(Jir).0(O).e(i7r)=25‘, 

or A(W.e(O).0(i») = ^. 

12. It is known in Trigonometry, that if stand for 

1 — 25 cos 2® + 5®, 

x(?". = ^ + ^ + 

also 

2 (5")* sin w® = 25* sin ® . 25* sin ^® ... 25* sin (x + wj ; 

and every factor of A and @ in Art. 10 is included in these forms. 
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Resolving hereby every factor of A (g”, me) and of ® (g'", me) into 
n factor.-*, and recoin posing, if stand for 

^ ® ^ ’t) > 

you get 

^ (g“) . A (g“, ux) = (q) . AA. A, . . . A„., ,) 

<f> (?”) • ® (?”. = 4>’‘ f?) • i 

In the case of n = 2, write 
t(g*) for 

(?") • A (g*, = AA® ;) .. 

f (g*) . @ (g“, 2«) = 0®" J ^ 

and we presently show that 

^(g*) = ®(g^ 0). 

13. Recurring to the original series for ®, we have at once 
® = 1 — 2g' * cos 2x + 2<f ^ cos 4x — 2g® ^ cos 6a; + &c. . . . , 
and 0” = 1 -I- 2g’ * cos 2a; + 2g° ® cos 4a; + 2g® * cos 6x + &c. . . . ; 
wlience 

0* 4- 0 = 2 {1 -4- 2g’“ ^ cos 4a; -f 2g^ '‘cos 8a; + &c. ,..} = 20 (g‘, 2a; + ^tt), 
0" — 0 = 4 {g‘ ‘ cos 2a; + g’ ’ cos 6a; + g“ ’ cos 10a; + &c.j 

- 2A (g*, 2a; + i7r). 

Change g to \/q, and let 0', A' stand for 

0 {q\ 2x + Jtt), a (g“, 2a; + ^tt) ; 

Uq, a;) = 0' + A' , 0 (Vg, a;) = 0' - A' ; 

whence 0'* — A''‘ = 0 (Vg. Wq> 

which further = yfr (q) (g, 2a;), 

by last article (h'), or, changing 2a; to x, and then a; to a; 4 Jtt, 

0* (g‘, x) - A‘ (g^ x) = f (g) . @« (g, x). 

14. Values of certain Constants. 

In the last, let x=0, therefore 

iq\ 0) = i/r (g) . 0 (g, ^tt), 

and making a; = 0 in the last equation of Art. 12, 

■f {(f) 0 (g*, 0) = 0 (g, 0) . @ (g, ^tt). 


N. E. I. 


7 
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Eliminate ®(y, ^tt); 

. Q) 

" ®(?,0) Vr(g») • 

In this, change q into if, q*, f, g’® , 
and the equation is continued into 

@(9®, 0) 

®lg‘. 0)“ ^{f) 0(q‘*. 0)-®^^ 

Now when n = oo , 

0 (g“, 0) = 0 (0, 0) = 1. 

Also <t> (?") = <^ (0) = 1, 

and consequently ^|r (q") = 1, 

when n = oo. Hence the ratio being finally =1 : 1, we have 
absolutely 

yfr (q) = S(q, 0 ) 

which fulfils the promise at the close of Art. 12. 


16. We can now show that 
1 




= l-qM-qM-q®.l-q®... (i). 


For since 


= <f)(q).ir(q) = <f>(q).&(q, 0) = a®, of Art. 11 ; 


<!>' Wq) 

let us for a moment call a = f{q), as a function of q ; therefore 

A(?) 

<f>Wq) 

For q write q*, q*, <f, ..., q*" ; 

multiply all the results together ; therefore 


•••/(?”’). if m = 2\ 


Now in f(q) or (1 — q) (1 - q*) (1 — q®) ... the exponents of q are 
the series of odd numbers. In y (q®) they are 2 x the odd numbers. 
In /(q®) they are 2* x the odd numbers ; and so on. Hence, if in 
the product /(q) ./(q*) ... we take n = oo, the combination of all 
the factors exhausts the series of natural numbers in the exponents. 
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Also 

9“ = 0,<#.(9’») = 1; 

O'* jhq) 

= (l-9)(l-g*)(l-g«)(l-5«)...&c. 

Change to q, and you get the equation which opens this 
article. 

Cor. Thus <f) (q) =7"* of Art. 11 ; 
and A'(0) = 2?*7’’; 

or A'(0) = A(i7r).@(0).@(i7r) (j). 

16. Since in 1st equation of Art. 10, by changing q to i^q, 

<f> (V?) A {^/q, x) 

= sin ic (1 — 2g cos 2a; + (1 — 2g* cos 2a: + 5^) ... , 

it is clear by combining two first equations of Art. 10 that 

9* Wq) ^ (V9. «) = (9) • A (?, a;) . e {q, x). 

..lultiply by A" (^9, a;), 

therefore by (h') of Art. 12, 

P . @ (5, 0) A {q, 2 x) = A iq, x) {q, x) A® {^Jq, x) ; 
if for a moment P stands for 

q^<f>Wq)^<l>^{q). 

Now when x is evanescent, 

A (q, 2 x) _ Also by h', with \Jq for q, 

A [q, xj ’ 0 (q, 0), A (q, 2 x) 

2P= A(V9, i'jr). = A (^/q, x) A® . {^q, x ) ; 

whence A {Jq, -^tt) . A {\/q, x) = 2A {q, x) . @ {q, x) (k). 

17. Other Sums or Products of A and 0 simplified. 

In the last equation of Art. 13 write \/q for q ; 

.-. 0*(9. a;)-A*(g, a?) = 0(^9, 0)@®(V9, «)• 

Change Jq to — Jq, which changes each 0 on the right to its con- 
jugate, and A into V— 1 • A, without altering @(9, a;); 

.-. 0" (9, a;) + A* (q, x) = ® (^9, i’r) . 0 (V9, «)• 
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But by Art. 13, 

0 {s/q, a;) = 0' - A', 0*(V?, a;) = 0' + A . 

Let 0 \ be the values of 0' A' when a; = 0 ; or 

d = @ {(f, ^tt), \ = a ^Tr)', 

then 0*-A‘^ = (^-X)(0' + A'); 0* + A“ = (0 + \) (©' - A'); 

whence 0* = 0& — XA' ; A* = X@' — ^A' ; I 

change a; to a? + ^TT ; I (I). 

0"* = ^0' + XA' ; A®* = X0' + M'. J 

18. Combining 0* + A* = 0 (t/q, ^tt) 0 (\/q, x) 
with 20A = A(\/g', |■7^)A(^/3', a;), 

we get (0 + A)* = 0 (V?, 0 (V?> ± a (V?, ^tt) A (t^/q, x). 

Again, 0^ - A‘ = (0* + A*) (0* - A®) 

= 0(V'?, O)0(V'g', ^Tr).0(v'?, x).®\>Jq, x) 
= 0(g, O).0(g, 7r).0(g', O).0(g, 2a;) 

= @«(?, O).0(?, 2a;). 

Just as (cos a?)" (sin a;)" are reduced to linear sines or cosines of 
multiples of x, so here we see the powers of 0 and A reduced. 

In the last, change g to — A to X/— 1 . A ; 

.-. + A'* = 0’' {q, iTr) 0* {q, 2a;). 

Again, in Art. 13, 

@0^ _ 0* = 2A (q\ 2x + ^tt) . 20 (q\ 2x + |7r) 

= 2A (q’‘, i-Tr) . A (g", 2a; + ^tt), by Art. 16. 

The number of such formulas seems inexhaustible. 


Problem Cardinal for Elliptics. 


19. 


To develop A = A® 


dA 

dx 



in linear sines or cosines. 


Revert to the Pronomi. 


Assume the function x such that 

X{v)d\ogv=^8iy>s/- 1) dS {v) - S («) dS {v sf- 1), 
which means x (^) = 1 • <#>* (9) • 
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Also by Art. 3, 

S(v) -S(qv) , 

d 7 / — — , - 7 \ ■ Dilferentiate, 

8 {v 1 ^— 1 ) S{qv^/-1) 

S'iv^Z-l) 8\qv>s/-l)' 
whence again by (a) in Art. 2, 

%W = -?V.x(jv). 

Observing that 

(j ) . K” + O - 8?” (■>• + O + V ■ (»• + O - &»• • • ■ I. 

we see that c /.. . / i \ 


8(v V-1). 


d log V 


has the form N+N^ (v^ + «“*) + (v* + v~*) + &c. 

which gives 

(•’ + »-) + (»‘ + o -&“•■■■ 

of which the sum is 

(v) = 2N + SAj (v* + v~*) + 2 Aj (v® + ?^‘®) + &c. . . . 

To this apply the equation 

X M • X (q^)> 

and you get 

A, = -A2®>; A,„ = - 

whence A,„ = (- i)"i^j*(i+ 3 +e+...-«n-i, ^ (_ 

or X (f ) = 2 A {1 - + V-*) + 2 ® (i)® + O - ?* ‘® ®' («‘® + + . . . }. 

Hence, neglecting the constant multipliers, when x varies and q is 
constant, X varies as @ ( 5 ®, 2x) which is in linear cosines. But it is 
mere convenient to replace the last by @@®. Let X = m@@®. 

20. To find m, let x be infinitesimal ; 

^ = A'( 0 ); 


then A (^tt) . A' (0) = m . @ (0) . @ (Jtt). 

But by (j) of 15, A' (0) = A Qtt) . @ (0) . 0 Qtt); 

A*(i7r) = w. 
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Cor. [Since varies as T{<^, change v to v\/q, and, by 
algebraic routine, you get 


Legendre's Elliptic Trigonometry. 


21. The product of any two Synnomi may now be made linear, 
as %x, @y. Begin from the Pronomi, making f(v) = T (mv) T (nv), 
then by reasoning as in Art. 3 above 

f(v) = qWnVf(qv). 

From Art. 5, 

T (mv) = Q { 1 — ‘ (mV + ® (mV + m~*v~^) — g® ° . . . &c.} 

T (nv) = Q [1 - g' ‘ (nV + + g® * (nV + n^-*) - g® ® . . . &c.). 

By the process of multiplying these, we get, in form, 

/(v)=R- (ijy + p^v~’‘) + Ry + py*) - (R/ + py^) + &c. (n), 

in which no R and no p involves v. The first term R is the sum o¥ 
the terms in which the exponent of v is zero. That is, if for a 
moment we write 


T(q,v) = Q- Q' (r® + V-®) + Q" (V* + V*) - q" . &c. ; 
then R = q‘ + (m'‘n~^ + m~V) + Q"® {mSi~* + m*n*) + &c.. 


so that |. = l + g*“'> 
or in shorter notation 



R _T (g*, m«”' V— 1) 

’¥¥) ‘ 

The term R^ is the collection of terms in which the exponent of v is 

2, or iJ, = QQ (m® + n®) + Qq' (mV"® + n*m"®) 

+ q'q" (m*n~* + n~*m'*) + &c., 
i2, _ gmn S (g*, m»"* q —1) 

W'^W)' ’ 

R 

Neither R nor — is altered, if m, n be changed to m'\ : hence 

mn ° 

the change alters R^ into Ry^n~^. Also T (mv) T (nv) remains 
unaltered if m, n, v become m *, n l, v * ; yet this exchanges every R 
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with its companion p,. Hence when iJ, is known, we deduce from 
it by changing m, n into m'*, n'\ 

22 . Apply the test f (v) = m%*q*v*f (qv) to the series (n), and 
compare the results, first when R has an even subscript. Then 

R^ = g®m V JB ; i?4 = qWv^R^ ; . . . R^ = . 

We deduce R^ = = q^^rri^VR. 

Next, for R with an odd subscript, 

R^ = q*inVR ^ ; R^ = qWri‘R^; . . . = q*'m*ri‘R ^_^ ; 

which gives mVR^, 

whence further = <f " . {mn)~'^''R ; 

= S*''*^*’ • (mny^H^. 

To recompose let f(v) = RM + R^N. 

Then i/ = 1 + 5®'* ‘’(m®n*v^+ m~*n^v~*) + g'*‘* ®’(w‘wV+ m~*n~*v~^ + &c., 
or <}> (q ^) . M= T {(f, mnv^ \/-V). 

Next mnN = (mnv' + nf^rf^v^) + 5““ ®’ (mVv* + + &c., 

or V~ 1 • ^ (9*) »2'ni\r = 8 (2*, mnv* V— !)• 

We have now identically 

T (mv) T (nv) = RM + R^N (o). 

If now we simplify by assuming t) = 1, it does not thereby lose 
generality, m and n being arbitrary. Assume 

, .-. T{m) = Q.®(x), T(«) = Q.@(y), 

the basis q being understood. Also since by Art. 8, T(v V— 1 ) 

[when V = e* = ^(q) . 0* («), 
here T (2®, mn^ V~ !) = </» ( 9 *) • ®® (a; — y) 

since mn^ now = and 

8 (2®, mn'^ V— 1 ) = 9”^ • V— 1 • <f> (9®) A® (x — y). 

Further T (2®, mn V— 1 ) = ^ (2*) • + y) > 

8 (2®, mn V- 1 ) = 0 (2®; . A* (a + y). 

Now, attending to sf—l. »/— 1 in denominator of R^M, equation (0) 
changes into 0 (2, a) . 0 (9, y) = 0® (9®, a? — 3/) . 0® (2*, « + y) 

-A®(2*, a!-y).A®(2*, x + y). 
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23. Before making v = 1 , we may change v to \/qv, and transform 
by equation (b) of Art. 2 . Then passing from Pronomi to Synnomi, 
by mere algebraic routine we obtain 

A(g', = ^+y)^’‘{q\ «-y) 

- {<f, x-y)M‘ {q\ X + y). 

To try our algebraic details ; first, let y = 0 ; then the result in 
Art. 21 is true by 1st equation in 17, and that in Art. 22 becomes 

. 0 ( 0 ) = - A“* {q\ x) + 0 '* {q\ xfi 
which merges in 0 {\/q, x) . 0 {»Jq, 0) = 0*® — A®*, 
if q^ is changed to t^q; and agrees with Art. 17. Next, let x = y, 

.-. -A*(®) = -A(g^ i 7 r) 0 ®( 9 ®, 2^) + 0 ( 9 ®, ^tt) . A® ( 3 *, 2x), 
which is nothing but A® = \0' — ON of Art. 17. 

24. Change y to y+ Jtt, and pay attention to the signs ; 

.-. KxNy = 0 ( 3 ®, x + y)A (q\ x-y} + A{q\ x + y). ( 5 ®, x-y) 
®x&’y = A (g®, x + y) A ((/®, x-y) + @ (g®, x + y). ( 5 ®, x - y). 

In the last pair we may exchange x and y, which produces two netv 
equations : then by addition and subtraction we elicit four equations 
as follows : 

®x%’‘y + %y%'‘x = 20 {(f, x-\- y) .% {(f, x — y)\ 

0 a: 0 “ 2 / — %y®'‘x = 2A ( 5 ®, x + y) . A (<f, x — y)\ . 

AxA°y + AyN^x = 2A ( 5 ®, x + y) (q^, x — y) ^ 

AxNy — AyNx = 2 A (g®, x — y).%{(fi, x + y), 

Beautiful as are these equations they are not needed in what here 
follows, except to show that they contain, and might supersede, our 
grand theorems in Chapters iv. and v. above. 


Transition to EUiptics, 

2.5. In Art. 17 we found 0®A®0®®A®® to be each linear in 0' and 
A', when x alone is variable. We count 6 and X constant, as functions 
of q only, for we had 

6 = % (g®, ^tt), X = a (g®, \nr). 

Thus we call the right-hand member linear in 

@» = m' - \A\ and A® = X0' - 6A\ 



DISCOVERY OF ELLIPTIC MODULI. 


105 


With b and c as disposable constants, form the combination 

2/ = A*+6A®»-c@*, 

or y = (\®' - M') + b (X@' + 0A') - c - \A'). 


If herein b and c be so assumed, as to make the coefficients of 
and of A' vanish separately, we shall deduce y — 0, or 

A* + 6A“* = c0*, 

under the two conditions 


that is 


\ -|- b\ ~ c0 “0, — 0 b0 “I” c\ = 0, 

l + b_0 
c X’ 


and 

Multiply these together. 


l-b _\ 
c 0 ' 


1 - 6 * 

= 6*+c*=l. 


Hence 6 and c are suited for moduli to an elliptic integral. 

Next dividing 2nd equation by 1st, 

1-6 X* 


whence 


and finally 


1+6 0 ^’ 

0*-X* 
+ X^ ’ 

20 \ 
c = 


which show 6 and c to be always finite and real. 


26. With these values of 6 and c we always find 

A* +6A**=c0*'l m . 

I Thus any one of 

Change ir to «! + ^7r; A"* + 6A* = c®"* j these four equa- 

Eliminate A®* ; 0* - 60®*= cA* I tions reproduces the 

Again change a; to a; + ; 0®* — 60* = cA"*J ^^ree. 


Putting a: = 0, A = 0 in the 2nd of these, you deduce, first, 

/ 

V C — <ao > 


Vc = 


0 ® 

Adtr) 
0 (in-j ’ 


which now means 
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_ 2qi (l + g»» + y«» + g«-»H-...) 

“ 1 + ® + &c. ’ 

by the Synnomi. This also shows, that with q evanescent \/c = 2 q^, 
that is, converges to V?- 

But next, our assumption a: = 0 , yields also from the 3 rd equation 

@ 

of the four = @o » 


which here means 


s/b 


©( 0 ) 


_1 -2g*‘ + 2$**-2g** + &c. 
“ 1 + 2g“ + 2^“ ^ + 23* ‘* + &c. • 


27 . Suppose Cj related to 5* as c is related to q. 

A (9, i-rr) 


This means, as 


so 


or exactly 
then 


Vc : 




_A(q\ 

iTT)’ 

/ 

V ^ > 


c, - • 


But by Art. 1 this yields c, = • 


This was the cardinal relation of Landen’s scale. If now we take 


6, = V(l-cA 

Cj and 6j become related to c and b, exactly as if formed from q* by the 
same law as c and b from q. 

Therefore in general, if c, c,, Cj, Cg ... c„ follow Landen’s law, and 
q, q^, q^, ?» ••• 3* are so formed from q that each is the square of the 
preceding, c„ is related to q„ exactly as the first c to the first q. 

To invert the series of c into c, c', d', d" . . . corresponds then with 
a q series, of which each is the square root of that immediately pre- 
ceding. 
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To exchange q into — 5 ' in the equation 

@ (?, ^tt) 

evidently inverts the fraction and changes h into 6 “‘; therefore also 
changes c into cb~^ V~ 1 * 

CoR. Also if we multiply numerator and denominator of the last 
fraction by the numerator, the denominator becomes 

@ (g, 0) . @ (g, ^tt), 

which = (g®, 0 ) by Art. 12 above, equation (h'). Extracting then the 


square root 


4,a_ Q(9. 0) 
0)- 


28. Relation of the basis q to our promodulus p. 
When g is evanescent, we have seen that 

Vc = 2g^. 

Hence when n is large, 

we have approximately V< 5 n = 2 (qjK 


or 


whence 

But 

Again 


c„ = 4\/g„ or ic„ = g„_„ 
log^ = log^. 

9n-l 9n-a > 

log = 2 "* . log - . 
9n-2 

... log£ = 2-..ogi. 


Repeat the operation till you get 


logU2’".logl 
logl = 2-’‘^Mog^, 


next 
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But this, when « = oo , is the exact value of our p. Hence 
log^ = |£), =log€p, or 5 = €-20; 
an important relation. 

29. Assume an arc m such that 

( 1 ) 

then ft) is always real, and <» = 0 when a; = 0. While /r is < ^tt, tan o) 
is finite. When x reaches ^tt. A® or A {q, ^ir — x) vanishes, and A or 
A {q, x) becomes A {q, ^tt), so that tan tw becomes infinite, and ot> 
reaches ^tt simultaneously with x. Thus the two begin and end every 
quadrant together. 

The combination of 

76 tan 0 ) = ^ , 

with the two equations 

A»4-6A»* = c@*; and @*-fe@* = cA*; 
makes a system equivalent to the three, 

Vcsin<B = Q; Vccos<» = v'6-q ; A (cw) = V6 . ; (2). 


Theorem. These equations express Elliptic functions of c and tw 
(modulus and amplitude) by functions of q and x. 

In Art. 24 where X meant 


or 


we had 
Thus 


dA dA® 

A 

{Ay~dx • A®’ 

Z = (A.^7r)».@.©®. 

A _ @ 0® 

(A«^2-(A.t7r; .^0 • ^0- 


d A 

Of the left member the equivalent is ^ . -p , 

CiOC lx. 


or 


A. 

doc 


\/b tan 6), or a/B sec® co 


do) 

* 


while on the right, ^ 0 == 

A yC 


COS (O 


^ A (cft)) 
A® \/c COS 6) ' 



F (c, 0)) HAS X OP THIS CHAPTER FOR MESONOME. 
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Multiply the equals by cos* <o, then 




or C -r-j r = (A . Att)* . dx. 

A(cft)) ' ^ ' 

Integrate, then c . F {cm) = (A . ^tt)* . x. 

Thus the Elliptic Integral F is attained. 


Cor. 1 . Let x = then m — ^tt, and 

c . (i-TT . (7) = (A . i-n-)* . lit ; 
or cG = {A. 

Eliminate (A . ^tt)* ; 

then F {cm) = Cx (3). 

This equation solves for x, if any one of the four in (1) and (2) be 
given. 

Finally then, we have proved that x is the Mesonome to m. 

A® 

Cor. 2. Since in Art. 26, = with a; = 0, that is 

is) 


f\/c 


A.^tt 


@ . ^TT ’ 

whence c . (@ . ^tt)® = (A . ^tt)* 

We have just shown that (A. ^’ir)’‘=cC, 
hence (@ . ^tt)® = G 


Cor. 3. From Art. 26 fh = 7^ -4 ; 

“ {jf^) 

@{0) = ^/b.% (^tt) = fb . fG. 

In a single view 

= @(0)=7(fe0); A {^tt) = J (cG). 

It is interesting now to observe that 

fG^@ (^tt) = 1 + 29‘ ‘ + 2g* * + 2g® * + &c. 

Cor. 4. We now have A'(0) which by Art. 15 CoR. 

= A (^tt) . @ (0) . 0 
A'( 0 )-^/( 6cC*). 


is now reduced to 



110 


THE TRIPLE COMBINATION. 


30. Reverting to the four equations which close Art. 23, divide 
the 3 rd by the 1 st, then 

A (g*, x-\- y) _ Ax. + Ay . A*a; ^ . 

@ (g*, x-\-y)~ + @3/ 


What Cl) is to c and x, such let ^ be to c and y ; such too let 
y be to c, (of Landen’s scale) and x-\-y. Then 


A (a?) 
®(x) 

A*>(y) 

®{y) 


i^c sin a ; 


A^(x) 

@x 



e 


. A{y) 

’ ® {y) 


^ / r . cos 0 ) ; 
V 0 

sin 6 ; 


0° (y) _ A {00) 

® iy) ~ V& ’ 

0'’(ir)_A(c®) 
0 (x) Jb • 


Divide the numerator and denominator of the right member 
of ( 1 ) by 0 («), 0 (y), and equation ( 1 ) is transformed to 


Vc, . sin 1 ; = 


A^c sin ft) Vc cos 6 + As/c sin 6 . Vc cos &> 
A {c$) + A (cft)) 


c sin (ft) + 0 ) 
A (cO) + A (ca>) 


Such then is the Trigonometiical relation uniting 77 , co and ‘0, 
when the transcendental relation is 


Cj ^ c c 

This conclusion embraces Euler’s Integrals of Ch. iv., and the 
scales of Lagrange and Gauss given in Oh. v. We have not as- 
sumed any of these in the course of our proof. We deduce them 
as follows. 


Cor. 1 . Make <0 = 6 ; therefore 




if Vc sin r) = 


This is the scale of Lagrange. 


c sin 2 ft) 
2 A (cft)) ' 


Cor. 2 . Make 0=0, therefore 


Fjc^y) _ F( cw) .f . 

Cj o 

This is the scale of Gauss : for it gives 

/I -A (Cft)) 


csin ft) 

1 + A (c ft)) " 



APPLICATION TO ^ (c®). 


Ill 


Cor. 3. Let F (cf) = F {cm) + F (c0 ) . 

Euler’s problem was to find the relation of f to ® and 6. Here 

F(c^v)_ F(cO 
c, c 

Then by Cor, 2, 

/ ■ /1-A(c?) 

Eliminate tj ; then 

csin(a> + ^ /I— 

V 1+ AS" ’ 

which is identical with Euler’s solution. 


A A® 

31. If you change x into (^tt — x), ^ changes to ^ which 


@® 


\/c cos m 
A (cm) 


that is, it changes ^c sin m to exactly sin m to sin ®®. 

Thus to change x to its Complement changes m to its Conjugate. 
But indeed this was proved in proving that x is the Mesonome 
to m. 


Relation of to the Second Synnomus. 


32. Above we found 


@ (Itt) @ ( 0 ) . @ ( Jtt) (@ (gr*, 0) j ’ 

1 A/ \ /j. n @(g^ 0) @(g*, 2ic) 

also A (cm) = Jh . 7:7— = sjh . — p. . / ^ 

* V / ^ @.£c ^ A’)] 

Give to >Jh its value from the first line, therefore 
[0(g, 0)P @(g*, 2^) 


A (cm) 


@ (f, 0) ■ [@ (g, x)Y ' 


© (q oc^ 

For conciseness, let f be short for , and when q changes to g® 

let X become 2a;, so that f means 

0(g*, 2a;) 

%(<f. 01 • 



112 


JACOBIANS MERGED IN ELLIPTICS. 


Then A (ca) = , 

which makes — ^ log A (cw) = log/— J log/, • 
But in Lagrange’s scale we found 

l-i*7i = -ilogA(cfi)). 


Eliminate log A, then 

-J-in, = log/-ilog/, 
or "l-log/=2‘M"»i-log/,}- 

This equation may be indefinitely repeated by changing q, x 
into (f, 2a; ; so that we attain 

“l-log/=2-"{\-log/J. 

If the successive q^q*<i be denoted by qq^%q^ ... it is 
clear that q^ is infinitesimal 

/.= !, log/, = 0. 


Also \ = 0. Hence 
or 


l-log/=0, 

1 (co)) = log 
^ ’ ^&(q0) 


This proof is Legendre’s simplified. 


Cor. Differentiate : then 

CG (ca}) = ~ .logs (qx). 



CHAPTER VIIL 

New Elliptic Series. 

1 . Take the logarithm of the Pronomi 

log S = log (v — «■*) + S log (1 — 5*" . 

logr = Xlog(l- 5 *"-‘ 0 . 

where 2 n represents all the even numbers, 2 n — 1 all the odd 
numbers. 

Expand the Binomial logarithms by 

log (1 -«) = — (« + + &c.) 

and collect the coefficients of 

W-®, v^, v^, &c. 

k 

by the formulae k + A;® + + A;' + &c. = = , 

1 — 

¥ 


¥+¥ + ¥+¥+ &c. = 


1 - ¥ • 


Then 


1 O/ \ \ f -1. , v* + v\(f v* + v'® p 

-logS(»)=-log(»-» +1 . 1:17+1 •T 3 ^.-+*“- 

1 m,\ t)®4-w"® o® + g® y*4-v‘* . 

But again, Art. 8, equation (/) of Ch. vil. 

log . g^ + log S (y) = log (Q V- 1 ) + log . A {x ) ; 
log T(y) = log Q + log @ (a?), 

where 

!)»• + tj-r — 2cos .rw ; v — = 2 V~ 1 • sin v. 

'8 


N. E. I. 
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Hence 

log Q + log A (a;) = log (2g* sin x) — 

22 ^co^_„ ( 

Sa-g") " 

^ . 2gcos2a! g® 2cos4.i; g® 2co8 6a! „ 

i„ge + i«gew = --L^-«2 . -yr,. -1-T=V " 

2. Change « to - x, A@ to A®@“ ; then between any two 
of the /owr you can eliminate logQ. Especially we may combine 

log ^ = log (\/6 tan <a) ; log ^ = log (Vc sin to) ; 


Thus 


log f “log “"d logft-log(y'|oos<»). 

r ^ ^ , 4g® cos 2a; 4g'’ cos 6a; 40'“ cos 10a; » 

I log(V 6 tanft)) = logtana;- “ 5 ( 1 ~^‘'')“ “ ’ 

, , . V , 1 ■ \ 2g cos 2a; 2g® cos 4a; 

log (Vc sin 6)) = log (2g» sin a;) 4 - + 2 (TTg^) 


2g“ cos 6a; „ 

T(TT?) 


, A (ft)) 4g cos 2a; 4g“ cos 6a; 4g® cos 10a; „ 

log = -yiv 3 (i - V) + 5 (j 


V6 l-g® ’Sa-g") 
log cos = log (2g^ cos x) 


(l-g'“) 


1 1 2 (? + q^) cos 2x , 2 (g* 

— g‘) cos 4a; ^ 2 (g® 4 g") cos 6a; 

L + i-s’ 

l-g“ 

1-2® 

where in the last 



g + g* g . g-g\ 

_ . 

g® + 2 ® g® , 

1 

rH 

1 

1-H 

1 

rH 

+ 

rH 

1 

1-2® 1-2®’ ■■■ 


so that with alternate 1 ± g" in the denominators 

'»s(yi cos ft) j = log (2g^ cos x) 

2g cos 2a; _ 2g* cos 4a; ^ 2g® cos 6a; ^ 2g“ cos 8a; 
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In the second and fourth of these series, meets us in the 
first term, under log. Now we have found Ch. vit. Art. 28, 

= .•.q^=€~^ and logj* = -|/); 

log (a/c sin oj) = + log 2 — Ip + log sin x 

2^ cos 2a; 25^008 4a: 2^® cos 6 a; ^ 

1 + 5 + 3(1+ 5 ®) 

log COS 0 )^ = log 2 — Ip + log cos X 

. 2ff cos 2a; , 2o® cos 4a; 2rt® cos 6a: 2o‘ cos 8a: „ 

+ + 2(1^71 3(W) + MTT-,.) +*'• 

3. In the four series of the last Article, make w = 0 == a?, then 
we have 


^ tan (o sin o) o) ^ 

CD = (Jx, = — =- = (;. 


tan X sin x x 


Hence 


log(V 6 C).-j-tf, 


4 ^« 


45 " 


• &c.. 


q- 3 ( 1 - 5 «) 3 ( 1 - 5 ^) 

log Wc«) - log 2 - Jp + A + 


+ &c., 


log 


45 


,+ 


45 ® 


+ ■ 


45 ' 


Ajh 1-j*^3(1-2®)^5(1-0 
2q 


+ &c., 

2 ?* . J‘i_ 


log =l«g 2 -ip+if-+ 2 ^^^.^ + 3 -^ 




25 * 


A I T\ d* *^ 0 . 

u 4 (1 + 5*) 

Subtract each result from its own series, and our four equations 
appear as follows : 

,* tanea , . 4o®(l — cos2a:) . 4o* (1 — cos 6a:) „ 

log = log tan a: + ^ ^ ^ - + «&c., 

, sin o) , . 2(7 (1 — cos 2a:) 2o* (1 — cos 4a:) 

® C ® 1+5 2(1 + 5 *) 

25 * (1 — cos 6a:) - 

3(1+5®) 

1 A / N, 45 ( 1 — cos2a;) 45®(1— cosfia:) 45®(1 — coslOa:) . 

- log (c») - + \ (I . + &«■. 

, , 25 (1 — cos 2a:) 25 * (1 — cos 4a:) _ 

lose . cos 0 ) = log cos X — *-^5 ' — T. “C. 

* ® 1 - 5 2 (1 + 5 ) 


^2 
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These four may now be differentiated, observing that 
da> = 0 . A (ca>) . dx, 

by aid of which we eliminate da> and dx. 

4 >. Thus we obtain : 


— &c. 


C .A 1 8o* sin 2 x 8o* sin 6 x « 

; |. - - I ^ 

Sin ft) cos ft) sm x cos x 1 — ? 1 — q 

^ ^ 4 g . sin 2 a; 4 o® sin 4 a; „ 

C 7 . cot ft) . A = cot a; \ s &c. 

1+ ? 1 + ?* 

Cc^ . sin ft) cos <0 _8q sin 2a; 8q^ sin 6a; 8q^ sin 10a; ^ ^ 

A 1-?® i_^io +®c. 

i 4 gsin 2 a; 4 o’*sin 4 a; 4 o*sin 6 a; „ 

Gtan ft) . A = tana; + A: + + &c. 

^ 1-q 1+q^ 1-2* 

But by help of Lagrange’s scale and Gauss’s obverse of it, the three 
first of these are simplified ; and the fourth by Euler’s Duplication. 

Namely in Lagrange’s scale the relation 


lt/c^ sin ft), 


gives both 


c sin ft) cos ft) 
A (CG)) 


CA 2 C, , „ , sin ft) cos &> 

= i- and Gc . : = 

sm ft) cos ft) sin ft), A 


• 2G,c,sin ft),. 


which changes our first and third just obtained into 

G, 1^ _ ^ 42* sin 2a; ^ 42 * sin 6a; , 42 ‘® sin 10a; _ p _ 

sin ft), sin 2a.’ 1 — 2'* 1 “ 9* ^ 1 — 2*® 

^ . 40 sin 2 a; 42* sin 6a; 4 o® sin 10 a; „ 

. »>■> ». -irrT- + + &<=■ 

in which to change G, c, ft), to Gcw, is justified by changing q to \/q, 
X to \x. 

Deal with the second of our four equations by the scale of Gauss, 

(ccd) 

G, -‘^-~G~ 

which makes G, cot 17 . A (c,?;) = G cot a>. Replace C(o by 0,17 in the 
second series, then, without change of x, we must replace q by 2*> 
making 

r* \ f \ i ^ 9 * 2 ® 42 * sin 4 ® 42 * sin 6® . 

C, ct . A (c.,) - cot«- - &C. 
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in which the left member = G cot ©, the right hand remaining un- 
changed. 

We modify the fourth equation by assuming 

F (cri) = “iF (cft)), tan Qi;) = tan m . A®, 

then since F (cat) = Gx.\ , , _ , , 

n / i /f we have x =zx, x = \x \ 

F{cr))^Cx') ^ 

„ . , ,, ,, 4(7 sin ic' 40* sin 2a;' 4o®sin3a;' . 

(7tan(|i7) = tan(^a;)+-i— ^ 

in which we may now replace 17 by © a; for uniformity. 

Finally in place of our four equations we have as equivalents, by 
changing in first and third CjC,®, into c(7®, therefore 5*, 2a! into q, x\ 
in second and fourth as just stated : therefore 

C 1 4(7 sin X 4o* sin 3a! 4o® sin 5x „ 

= ^ — + ; +^j — 8-+- 1 5- + &C., 

sin © sin a! 1 — ? 1 ~ ^ 

^ , 4(7* sin 2a! 4(7^ sin 4a! 4(7* sin 6a! . 

C/ cot © = cot X — , j — 4 V- — 8 &c., 

iH-g'* l-t-? 1+?® 

~ . 4 \/(7 sin a! 4 sin Sx 4 v'O'® sin ox „ 

Cc sin © = -X + — 8 — + — Y — 3— + «KC., 

1 —q 

^ 4osina! 4o*sin2a; 4o®sin3a! „ 

C tan ffl) = tan (^a:) + - j - 1+’^* ' — j 

5. In the first and third of this last set, change q into — q, 
leaving x unchanged and pursue the further consequences. For 
t/q, n/q^, V?*”* we must replace the same quantities multiplied by 
1^—1, — V— 1. for we must write y'-l.A; © is 

changed to @®, b or | c^ w) } inverted, or changes to 

6“^;. hereby changing c to c6 "V— !• Also because ^/C = &(q, ^ir), 
>sjC now becomes @(— q, Jtt) or ®{q, 0) or iJ(bC), C changes to bC. 

Hence Cc sin © or {G»Jc){\/c sin ®) becomes 


But 


or Cc sin © becomes bC 


sm © 


yi- 


1 . s/{bc) 


sin ft) 

A (cft)) ' 
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Again or G\/c divided by Vc sin o) changes to hG . ^ ^ ^ ~ ^ 
divided by 

. sin® C/Afc®) 

1 . V(6c) . -T-7 : or ^ . 

^ A (c®) sin ® 

Thus our first and third series become (when the third is divided 
by V- 1) 

CA(c®) _ 1 _4gsina; 4^® sin 3a? 4g^sin5a? . 

sin ® sin a? 1+5 1+5® 1+5® ^’’1 

« 6 sin® 4\/5sina? 4 Vo® sin 3a? 4^/0* sin 6a? „ 

Gc . -r-. — ; = — s 1 — g &c. 

A (c®) 1 + 5 1+5^ 1 + 5 

In each of these change a? to (|7r — a?) then ® changes to its Con- 
jugate ®®, and being = cos ®*, changes to cos ®. 

Finally 


hG 


1 


4o cos a? 4o cos 3a? 4</ cos 5a? „ \ 

.'i + ^ ± + &c., 

cos ® cos a? 1+5 1+5 1 + 5 

„ 4 hjq cos X 4 \/ 5 ® cos 3a? 4 a/ 5® cos 5a? „ 

(7ccos® = — +& 0 ., 

1 + 5 1+5® 1 + 5® ’/ 

an important addition to the previous four equations. 

Further, for the penultimate we may write 

hG _ \ sin a? 45 ® sin 3a? 45 ® sin 5a? 

~ 'r+7 

b _ A (cco) 
sin ® ’ 


cos® 
Observe that 


sin a? 


1 + 5* 


— &c. 


cos ® 


also 

where 


do) 

GA (c®) 


— dx. 


d(o dx 


4iqs,inxdx 45 * sin 3a?c?a? 45®sin5a;da? » 

TT? TT? 


Sin ® sin a? 

Integrate : then 

, , 1.1 45 cos a? 45 ®. cos 3a? 45 ®. cos 5a? . 

log tan . J <» = log tan . 4- + *«■. 

when ® = 0 = a?, ® = (7a?. 


Also log . converges to log ^ or log G, 


so that 
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6 . We can now, by aid of the last, deduce a series for A(cei>) in 
terms of x and q by Lagrange’s scale, which has (Ch. v. Art. 2 ) 

(7A - G^\ — cos <»,. 

The last by repetition yields 

C7A — (7„A„ = (7,c, cos <o^ + cos ©,+ ... + G^p^ cos 

Let X be infinite, then C/„A„ converges to V (1 ~ sin*®,,) or 1 , 

and 

(7A (c®) — 1 = (7,Cj cos ®, 4- CjCg cos ®j + &c., ad injin. 

But from Art. 5, we have 


CjC, cos ®, = 


4g cos 2 aj , 4^'* cos 6 a; , 4g® cos \0x 


+• &c.. 


in which the indices of the terms are 2, 6 , 10, 14... or double of the 
odd numbers. To change c,®, to c,®j, gives a like form, with indices 
2 * of the odd numbers. 


Further change to CgWg... and the indices become 2* of the odd 
ijumbers; and so on. When all these are added together, the sum 

{(7A(c®)-l} 

has in the collective terms the indices that are double of 1 , 2 , 3 , 4 ... 
in complete series, that is 


OA (cw) = 1 4- 


4tq cos 2 a; 
“l 4-?“ 


4- 


4^* cos 4a; 
14 - 9 " 


4- 


47 ® cos 6a; 
1-^9* 


49 * cos 8 a; 

”14-9® 


4- &c. 


Differentiate this; first observing that 

, ,,, 0 . » \ — ic*.d.sin*® — c* sin ® cos ® d® 

dJil — c sm ®) = jj. = t-t — ^ 

^ ^ ' V(1 - c sin''®) A (c®) 

= — c® sin ® cos ® Oda;, 


.-. ) = - Co* sin ® cos ® = — J Cb* sin 2 ®. 


dx 


Hence 


^ m t • a .. f9 sin 2 a; . 29* sin 4 a; . 89® cos 6a; „ 1 


dm 


7. Again, multiply the series for CA (c®) by 
integrate; then 

29 sin 2a; 29 * sin 4a; 29 ® sin 6 a; 29 ® sin 8 a; . 

-TTi^ + 2 {T+7> + 30+7) 4 (TT?) + *'• 


ft) = a? + ■ 



120 


THE HIGHER THEORY OF F AND E. 


Further, in Lagrange’s scale, 

CG {cat) — sin + (7,0, sin ©, (7,0, sin «, + &c. 

Replace each term of this series by its equivalent in series of q and 

w attained above. In the series for (7c sin o) we have a type of all, 

with indices 1, 3, 5, 7 In forming the equivalent of CG vre begin 

from indices dmhle of these odd numbers, and we add terms with 
indices which multiply these by 2®, 2®, 2*, 2®... of which the sum is 
twice the complete series 1, 2, 3, 4.... That is 

/ \ 40 sin 2x 4o® sin 4a; 4(7® sin 6a; 4q^ sin 8a; » 

CG (cat) = ^ + V 4 - + a- + -1 8-+ 

This last series may be either integrated after multiplying by 

dF{cat) 


whence 


_ 25'(1 — cos 2a;) ^ 2(j'®(l — co8 4a;) _ 2^®(1 — cos 6a;) ^ 

~ (cat) - + 2 (1 -q^) ^ 3 ( 1 - 9 ®) 

else differentiating CG (cat), observing that 

dG = dE-i^,.dF = (A® - X,) Gdx, 

1 (7‘(A>- tJ.) = ^ + &C. 


Make 


<» = 0 = a;, 


Eliminate 

or ^(7®c®(l — cos2(m) 


|(7®(c®sin®tt)). 


_ 29(1 — cos 2a;) 4g'®(l — cos 4a;) 6g®(l — cos 6x) 

8. It is of little importance that from the series for C cot at we 
may change at into a;® and x into (| tt — x). Then since 

cot 0)® = &tan at, 

you find 

. . 4o® sin 2a; 4o® sin 4a; 4(7® sin 6a; . 

Cb tan to = tan a; - -V- — j— + \ , . ^ + &c. 

1 + 9* 1+9® 1 + 9® 

We verify, in the two last, by Lagrange’s scale which gives 

(7, cot to, = ^ (7 (cot ot — b tan at). 
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9. In all these series we may now with advantage pass from 
functions of q to functions of p, which becomes our leading constant. 
We have 


1+q 


= T\{py, 


2g 

1-q 


3(P) 


’ i-^ Sinp’ 


1 . 

1 + g Cos p ’ 


and when q is changed to q", p changes to (np). This makes the 
transformation very easy. 


With this small change it is well now to recapitulate, from Articles 
2, 4 above. 


10. First from Art. 2, next from close of Art. 4, also from 
Art. 5, &c. 

1. log (Vc sin a>) = log 2 — + log sin a; + fl (p) . cos 2a; 

+ (2p) cos 4a; + (3p) cos 6a: + &c. 

2. cosec 0 ) = ^cosec a; + 3 (p) sin a: + 3 (3p) sin 3a; + 3 (5p) 

sin 5a; + &c. 

3. cot to = i cot a; — n (2p) sin 2a: — H (4r) sin 4a; — (6p) 

sin 6a: — &c. 


4. ^bC tan to = | tan x — T\ (2p) sin 2a; + H (4p) sin 4a; — H (6p) 

sin 6a: + &c. 

, , /.y . sin X sill 3a; sin 5a: . 

6. = + + 

6. ^G tan |^co = ^ tan . |a: + 3 (p) sin a; + H (2p) sin 2a: + 3 (3p) sin 3a: 

+ n (4p) sin 4a; + &c. 

„ , ™ cos X cos 3a: cos 5x 

7. JCc . cos to = 


+ 


&c. 


Cosp Cos3p Cos5p 

8. ^bG sec to = ^ sec a: — n fp) cos a; + H (3p) cos 3a; — fl (5a;) 

cos 5x + &c, 

n n \ / \ 1 , a cos 2a: „ cos 4a; . „ cos 6a: 


Cos 2p ’ Cos 4ip ' Cos 6p 


10. . sin 2to 


sin 2a: 2 sin 4a; 3 sin 6a: 


+ 


_ , sin 2x 1 

11. (o = a; + /->i._a ~b 


Cos 2p Cos 4p Cos 6p 
sin 6a; 


sin 4a: 1 

+ , 


Cos2p ' 2 • Cos4p^3 ' Cos6p 

■f n 1 n ^ / \ sin 2a; sin 4a: sin 6a: . „ 

12. i0.e(c„) = g^+g5^ + ^^ + &o, 


+ &c. 
+ &C. 
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13. 


_ , , 1 — COS 1 1 — cos 4tx 1 1 — cos 6a? „ 

Sm2p “2 ■ ■ SinV 3 ' “SSIT 


14. ^(7*. (1 -cos 2©) 


1 — cos 2a; 2 (1 — cos 4a;) 

Sin 2/0 Sin 4/o 


Chiefly by assuming 


f 


3 (1 — cos 6 a:) 
Sin 6/0 


+ &c. 


(o = \'ir = x, or ft) = 0 = a:, with m = Cx, 

we deduce relations between our constants, without which we never 
can command numerical results. When tan to and tan x enter, 
the assumption © = ai® makes a: = Jor or 

tan* © = 6 "*, .'. — cos 2 © = ^ f . 

1 + 0 

We also have (in Art. 29, Cor. 2 ) 

\/G — @(^), 


From the four equations in Art. 3 with a logarithm within on the 

left. 


, . , , . , . 1 — cos 2 a: 1 — cos 6 a: . 1 — cos . 10 a: « 

1 ». -Jl„gA(c„)=-gj^ + ^g^+.jg;^ + &C. 

16. J =^logtaiia; + 3(2p) (1 — C03 2a:) 

+ ^ . D ( 6 /o) (1 — cos 6 a;) + (lO/o) (1 — cos 10 a;) + &c. 

17. — log = — log sin a: + n (/o) (1 — cos 2 a;) 

+ ifl (2/o) (1 — cos 4a:) + (3p) (1 — cos 6 a;) + &c. 

18. — log cos © = — log cos a: + 5 (p) (1 — cos 2a:) + ^3 ( 2 /)) (1 — cos 4a:) 

+ ^3 (3/9) (1 — cos 6 a:) + &c. 

Also differentiating No. 5 with 

doi = G . A (c, ©) dx. 


19. \Gc cos © . C7A (c®) = 4 

And from close of Art. 6 


3 cos 3a; 
Sin 3p 


+ 


6 cos 5a? - 

-Qi — ^+ &c, 
Sm 5p 


20. log tan i© = log tan .^x + 2{T\(j)) cos a: + (Bp) cos 3a? 

+ in ('5/>) cos 5x + &c.}. 
This article displays to the eye the eminence of the Anticyclic 
constants. For shortness I write p for Cosec but Sec may well 
stand. 
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We have already found 

1 l_o , A(i7r) @(0) 

which are known functions of p. So is 

V(7 = 0(i7r). 


We also have 


= Cot p . Cot Sp . Cot 5/3 &c. 


The method of changing q to —q, by which Nos. 7 and 8 were 
deduced from No. 5 and No. 2, may be tried on others of these 20. 
Applied to No. 1, it only reproduces 




Applied to No. 9, it brings the same result as by changing 

to to ft)®, a; to — X. 

It is difficult to limit these series, yet probably we have attained 
tjie most valuable. 


11. We seek for more convenient relations by making ar=0, 
or a; = ^TT in Art. 10. 

From No. 1. ~ (log ^ = n (p) - in(2p) + (3p) - &c, 

„ „ 2. iC' = i + 3(p) + 3(5p)-3(7p) + &c. 

From3,with ) ^(7^6 = i-n(2p) + n(Gp) + n(lOp) +&c. 

X = ^TT, cot (O^ fsjb ) 

From No. 5. ^Gc = p (p) — p (3p) + p (5p) — &c. 

„ 6. ^(7 = ^ + 3 (p) - 3 (3p) + 3 5 (p) - &c. as before. 

„ „ 7. = Sec p + Sec 3p + Sec 5p + . . . . 

„ „ 8. i6c=i-n(p)+n(3p)-n(5p)+&c. 

„ „ 9. Make a! = 0, .•. 0=1+ 2Sec2p+ 2 Sec4p + 2sec6p. 

„ „ 10. *1. 0®c* . = Sec (2p) - 3 Sec (6p) + 5 Sec (lOp) ; 

• In the result from 10, writing for and for i<7jC», we may pass from 
Cl 2p bitoc p 6, then = Sec /j - 8 Sec (Bp) + 5 Sec (6p) - Ac* 
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but 


2V6 
1 + 6 


= 6 .. 


From No. 14. = p (2p) + 3p (6p) + 5p (lOp) + &c. 

These results from 9 add 7 are verified by 

(7, + (7.0,= a 


In 9 make x — ^tt, therefore 

(76 = 1 — 2 Sec 2p + 2 Sec 4p — 2 Sec 6p + &c. 

but make 

X = \nr, cot* {o = b, sin* © = (1 + 6)“S c* sin* © = 1 — 6, A (c©) = \/b ; 

.•. (7 \/6 = 1 — 2 Sec 4p + 2 Sec 8p — 2 Sec 12p + &c. 
(Evidently, since bC = \/6,(7, .) 

So in 15 making n = Jtt, A (c©) = ^/b. 

I log 5 = p (2p) + ip (6p) + ip (lOp) + &c. 


From Art. 7 above, we have also 

i(7* . (1 - N.) = p (2p) + 2p (4p) + 8p (6p) + &c. 


Moreover from Chapter ii. Art. 7, we have 

log 7 - P = log C - i log (7, - i log (7g - i log C^-&c, 

which usefully checks the first equation of this Article, and with 
higher convergence, when we know log G. 


Make © = 0 = in No. 19, therefore 

i(7*c = p (p) + 3p (3p) + 5 (5p) + &c. 

12. In No. 17 of Art. 10 make © = = x, therefore 

i log (7 = n (p) + in (3p) + in (sp) + &c. 


Also from No. 20 we have the very same. 


We also had 
whence 


V(7 


_ Cotp 


Cot 5p 


. &c., 


Cot 3p 

Cot 2p ' Cot 4p * Cot 6p 
i log G — I Cot p — I Cot 2p + 1 Cot 3p — I Cot 4p + &c. 
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[Again in Ch. II. Art. 4, we had 

^(bG) = i/{bb,h^b,...). 

But i^b = (Cot p . Cot Sp . Cot 5p . . . 

by which we replace the factors of the left in the penultimate by 
observing that to add a unit to the index of b doubles the pro- 
modulus p. 

Thus ^b^ = (Cot 2p . Cot 6p . Cot lOp 

*/b, = {Cot . (2V) Cot . (2^ . Sp) . Cot (2“ . 5p) . . . }-*, 


the further change of b^ to b^, changes 2* to 2® and so on. Therefore 
collectively 

ii/(b(J) = (Cot p . Cot 2p . Cot Sp . Cot 4p 


Multiply this by == (^ot p . Cot Sp . Cot 5p . . 


. , . , ,, Cot p Cot Sp Cot 5p 

aad you obtain ^ 


... &c., 


t 

or 


i log G = l Cot p — I Cot 2p+ I Cot Sp + &c. as before. 


This is mere corroboration : but in argument so various, corrobo- 
ration is acceptable.] 


Thus ^ log G is found by two very diverse series, each con- 
verging excellently. 


Whether the series involving C® are of use, is not very clear. 
We have 

= p {2p) + Sp (6p) + sp (10p) + &c. 

iC.c =p(p) + 3p(:3)-b5(5p)+&c. 

^G‘‘‘cb = Sec p — 3 Sec . Sp + 5 Sec Sp — &c. 

To find Kc from the following, we need to know C*; viz. from 

i . C® (1 - «.) = p (2p) + 2p (4p) + 3p(6p) + &c. 

p (2p) 2p (4/3) 3p (bp) + &c. 
whence 2 (1 - H,) = j^( 2 p) + gp (6p) + Sp (lOp) + &c. 

^ _ 2p(2p)-|-4p(4p)-)-6p(6p) + &c. 

“ ^ ^2p) + 3p (6p) -1- 5p (lOp) -H &c. • 
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13. We mark as duplicate two different series for 

i (log ^ - p) _ n w - in( 2 /.) + in (3,,) - &c. 

also = log (7- i log G^-\ log (7,- ^ log (7, - &c. 

i log i = p (2p) + ip (6p) + ip (lOp) + &c. 

— I Cot p -f- Cot 3p "1* Cot 5p + &c. 

i log C = pp + in(2p) + i ri(3p) + &c. 

= I Cot p — I Cot 2p + ^ Cot Sp — I Cot 4p + &c.| ’ 

i((7- 1) = 3(p) - 3(3p) + D(5p) - 3(7p) + &c ) 

= Sec 2p + Sec 4p + Sec 6p + &c. J ’ 

iC7c = p(p)-p(3p) + p(5p)-&c. ] 

= Sec q + Sec Sp + Sec 5p-{- tfec. J 

Hi-6C)=n(p)-n(3p)+n(5p)-&c. ) 

= Sec 2p — Sec 4p + Sec 6p — &c. j ’ 

In No. 12 of Art. 10, make <» = ^tt = ir; 

^“1. or i log J = p (2p) + i p (6p) -tip (lOp) + &c 

as before from No. 15, a mere corroboration, yet not less welcome. 

By a limited number of Tables easily computed, we can express, 
with p alone as basis, first p (p), Sec p, D (p) and H (p), next (7, b, c 

^or log^ without difficulty. What is the best mode of computing 

is not to me clear. A table for Cc is easily made, and foi' rough 

Cc 

purposes the simple c may be inferred from For instance, if we 

wish to judge whether a closer value of the Grade y is obtainable 
through b = cos y, or through c = sin 7 when p is given, we ask first 
for a rough idea of the limits. To make this clearer I exhibit an 
outline of the value of c estimated from Cc divided by G. 

pep c 

1 -9440 8504 5 02694689 

1-5 -7418 3940 6 00991476 

2 -5029 9981 7 00364751 

3 1971 1112 8 ...((7=1 

4 ’0731 6436 9 .. .to 8 decimals 
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14. That which has .been called the Problem of Section loses 
its interest now by its extreme ease. Given F (eta), c and ta, to find 

0 when F(c,0) = ~ . F (cto). Put F (cta) = Cx, then we account C 

and X known. Also put F{cd) = Gy, and y is not yet known. But 


(7y = — . Cx, y = - . 
^ n ^ n 


We find 6 from equation 11 of Art. 10 above in terms of y and p. 

As a curiosity, we may transform 

i (7‘(1 - = p (2^) + 2p (4p) + 3p (6p) + &c. (a). 

2o 4o® Go* p « „ 

= + j^8 + &c., as follows. 

Halve the equation, expand each term separately on the right, 
^C'\l — = 5 + g* + / + g’ + &c. 1 

+ 2 ( 5 * + 5 * + 5 '*® + 5 -’* + &c.) 

+ 3 ( 5 '® + g* + g’® + g“ + &c.) 


Add up vertically by the formula 

(1 — «)“* = 1 + 2a; + 3a;* + 4a;® + &c. 


The total then is 

(l-g)* + (l-g®)* + (l-g®)* + '=^'^- 

Multiply by 4, 



= (pp)* + (p.3p)* + (p.5p)* + &c. (b). 
This a purely algebraic identity; 2 (a) = (6). 


15. With much variety and toil we may seem to have merely 
evaded the task in hand. Instead of evaluating F, E (and in the 
distance H), we have shewn how elegantly the functions of ta, the 
amplitude of F, E, are related to x, an average value of F\ which 
average is not very easy to fix with high accuracy, even by help of 
Legendre’s table of double entry. Just so, if Trigonometry had not 
preceded the Integral Calculus, the investigation of 



I 


dx 

r+^* 
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would have led through sin'*® and tan"‘ir to the demand of Trigono- 
metrical Tables with a new argument, the arc w, making either 
a! = 8in(», or* a; = tan(ii). But here the constant element c gives a 
new complexity, and its relation to other constants more convenient 
requires new Tables. 

Here it is a great simpliheation to pass from the original c to p, 
and whenever actual evaluation is required, our first need may seem 
to be Tables for the transformation. 

If a man expert in this part of the Calculus be asked, “ What 
is the simplest direct method of computing x when c and a> are 
given?” he must reply; By Lagrange’s Scale, from cd he will find in 
succession ©j, ©j, Wg. . . and perhaps u>^ will suffice. Each new a> is 
deduced from its predecessor by an equation of like type : namely 
tan (ojj — to) = 6 tan at enables him to fix the degrees in a>^', 
from tan — ©,) = 6, tan o), he deduces 

from tan («, — <0^ = tan he deduces to,; and so on. 

But this supposes that from c he has found numerically and 
accurately b, 6,, 6,, 6j... or rather their logarithms, for he will work 
by the form 

^ log tan (<Bj — 0)) = log tan (<») — log ^ ; 

Legendre’s tables excellently furnish for every given arc 7 (with 
c = sin 7, b = cos 7) the values of log 6, log 6,, log 6.^, log &,. . . but even 
so, to be accurate to 10 decimals for a),, co^, o)^... is not a task for 
even high mathematicians. Legendre himself rejoiced in his own 
scale, because, by its higher convergence, it promised higher accuracy 
without greater toil. Yet alas! no one can practically use this new 
scale, from the diflSculty of its constants. 

16. Yet if once we resolve to make p our chief constant instead of 
c — which can be effected by a table of single entry, as easily as to 
pass from an arc 7 to log tan 7 &c. — the constants needed in Legendre’s 
.scale are as easy as those in Lagrange’s scale. Not knowing whether 
this treatise would ever be published, 1 anticipated this statement 
in a recent short treatise, called Auticyclics. It seems right here to 
fill out the argument. 

In this scale Cj is connected to c, as 3p to p, and our typical equation 
is tan §(a)g — o) = tan a» . A (c, ff), where is defined by the equation 
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F(c,fi) — ^F(c, Jw), which at once shows that x' (Mesonome of 0) 
= ^ir. Hence equation 16 of Art. 10 above, gives 


-ilogA(c, 0) 


1 — cos 20 / , 1 — cos 6aj' 
Sin 2/> 3 Sin 6p 


1 — cos lOa;' 
5 Sin lOp 


+ &c. 


Now when n is a multiple of 3, say, = 3m, in the general term 
of the last ; 

cos 2nx' = cos f nw = cos 2m7r = 1 (m being integer), 
therefore the term vanishes. But when n has the form 3m + 1, 
cos 2nx' = cos {3?/i ± 1) fw = cos (2m7r ± 120*) = — ^. 

This at once yields f as the numerator of every such term. Finally 

- i log A (c, 0) = p (2p) + i p (lOp) + f p (14p) + * p (22p). . . 

with enormous convergence. By this a table is easily computed. 
But it must be multiplied by M (the modulus) to convert the result 
to common logarithms. 

For a moment let — il/.log.A {c0) or —log,,. A {c0) be denoted 
by D; and let D, D,, D,... in this scale answer to c, c„ c,... i.e. to 
p Sp 3*p 3*p. . . Then with 

log,, tan ^ (co, - ©) = log,, tan a> - D, 

which means 

D = 3Jlf IP (2p) + J p (lOp) + f p (14p) + Vt P (22p) + &c.}, 
whence also 

D, = 3M (p (6^.) + * p (30rt + 1 p (42(,). . .) 

i),-3Jflp(18rt+Jp(9Cp) + ...l. 

In Dj the first term is ample. Where p is as large as 12‘6, the 
difference of p(p) and 2e"'* does not affect the 16th decimal; and 
when p = 2 (Gudemann’s lowest limit) 3M . p (18p) probably begins 
with 15 zeros. 

For illustration merely, I here reprint my table of 
-log„.V(l-c*sin*i8); 
where Jtt is Mesonome of 0. 
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17. Further concerning the constants of Legendre’s scale. When 
is given, we have to solve a biquadratic equation 

" 16 /*- 

to find his Regulator (i. But when we start from p as known, our 
equation 

log tan . = log tan . 

+ 2{n(p) cos ® + ^ n (Zp) cos 3® + ^ n (6|t)) cos 5® +...}, 


allows us to put ft» = /3, ® = Jtt, and we know that 

-cos/3 . 


1 + cos /8 


, V/‘ = tanJ^. 


In this series make ® = /3, i® = Jtt or 30®, tan 30® = , ® = 60®, 

\ O 


cos® = ^, cos3® = — J, cos5® = — cos7® = + J; 

.*. j log p<——^ log 3 + 2 {n (/)) ^ — i n (3/)) ^ ^ n (5p) j + &c.}, ^ 

k log (3/*) ^r\{p)-^T\ (Zp) - i n (5/>) + 1 n (ip ) + i n (Op) - &c., 


or again, we may use the more general formula, G = 3/u.(7, [which, it 
will appear, in the scale of Index = n, becomes C = npGJ. But we 
know (7 as a function of p ; change p to Sp, and you find C^. In fact 
log (3/t) = log (7 — log (7j which is peculiarly easy, if we have a table 
of log G with argument p. 

In my Anticylics, the table of S (p) gives ^ log | ; the table of 

2) (p) = i leg tliat of 1 (p) = J ((7 - 1), and that of T (p) - log.Q. 

I have not been able to attempt a table of from p as argument. 
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The is defined hy F (c 


p 

-log.0N/(' 

- r* sin’ /J) 

P 

- 

logic 

’sin’^) 

I’O 

•3592 

5572 

9411 

6719 

4-0 

8 

7413 

7507 

0 

00 

M 

I‘I 

•2923 

2484 

2664 

4562 

4 I 

7 

1568 

3233 

2307 

1*2 

•2383 

5463 

i860 

7711 

4*2 

5 

859s 

1857 

9358 

13 

•1946 

1441 

0045 

9939 

4-3 

4 

7973 

6797 

9182 

1*4 

•1590 

4540 

8993 

1846 

4*4 

3 

9277 

5265 

4496 

1-5 

•1300 

5603 

0350 

5642 

4-5 

3 

2157 

7186 

4632 

1*6 

•1063 

9363 

9293 

4314 

4-6 

2 

6318 

5 > 3 o 

7237 

17 

*0870 

5994 

8696 

7943 

47 

2 

1555 

9632 

6260 

1-8 

*0712 

5245 

5310 

8973 

4-8 

i 

7648 

5299 

9547 

1-9 

•0583 

2220 

7250 

4299 

4-9 

I 

4449 

3942 

3209 

2*0 

•0477 

4230 

2244 

3056 

5 ’o 

I 

1830 

1634 

0904 

2*1 

•0390 

8376 

6653 

7070 

5-1 


9685 

7005 

9051 

2*2 

•0319 

9670 

8941 

8197 

5 ‘2 


7929 

9956 

7204 

2-3 

•0261 

9538 

7599 

8236 

5 3 


6492 

5313 

2650 

2-4 

0214 

4625 

4932 

5163 

5 4 


5315 

6350 

6124 

2 '5 

*0175 

5651 

6359 

9217 

5 '5 


4352 

0738 

9615 

2-6 

*0142 

8531 

8618 

4305 

5-6 


3563 

1767 

3812 

27 

*0117 

6939 

6969 

2738 

57 


2917 

2823 

7398 

2-8 

*0096 

3590 

2604 

9745 

5-8 


2388 

4687 

9488 

2-9 

•0078 

8917 

4230 

4561 

5 ’9 


1955 

5128 

5509 

3 'o 

0064 

6209 

0040 

0540 

6*0 


1601 

0385 

1 246 

31 

52 

8824 

4940 

6155 

6*1 


1301 

8194 

6701 

32 

43 

2964 

2883 

7997 

6*2 


1073 

2082 

0936 

3 '3 

35 

5301 

54 t 5 

2412 

6-3 


878 

6685 

6544 

3 ‘4 

29 

0224 

2004 

9576 

6-4 


719 

3926 

7729 

3-5 

22 

4736 

5465 

9947 






36 

19 

4542 

9665 

4372 






37 

17 

2307 

1146 

9322 






3-8 

13 

0406 

0102 

6271 






39 

10 

6767 

4021 

7259 







We now can extend the table as far as we please (true to 16 
decimals) by the formula 




if the factor if is the modulus of the common logarithms. 


9-^2 
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From Legendre. 

Let c = sin 7 and h = cos 7. 


Ihl 

grade. 


II 

0® 

1-5707 9632 6^95 

log *00 

I 

i ‘5709 1595 8127 

5‘4349 0982 9625 

2 

1-5712 7495 2372 

4-7427 1726 5279 

3 

i'57i8 7361 0514 

4’3386 5397 6000 

4 

1-5727 1243 4995 

4-0527 5816 9549 

5 

i '5737 9213 0925 

3-8317 4199 9766 

6 

i' 575 i 1360 7777 

36518 5596 9479 

7 

1-5766 7798 1593 

3-5004 2249 9173 

8 

1-5784 8657 7689 

3*3698 6802 6668 

9 

1-5805 4093 3896 

3‘2SS3 0294 2143 

10 

1-5828 4280 4338 

3'i533 8525 1888 

II 

i'S 853 9416 3775 

3*0617 2861 2039 

12 

1-5881 9721 2527 

2-9785 6895 1181 

13 

i’59i2 5438 2014 

2*9025 6494 0670 

14 

1-5945 6834 0932 

2*8326 7258 2918 

15 

1*5981 4200 2113 

2-7680 6314 5369 

16 

1*6019 7853 0087 

2-7080 6761 4590 

17 

i*6o6o 8134 9410 

2-6521 3800 4630 

18 

1-6014 5415 3790 

2-5998 1973 0061 

r 9 

1*6151 0091 6068 

2 ’ 55 o 7 3144 9627 

20 

1-6200 2580 9124 

2 'S 04 S 5007 9002 

21 

1-6252 3366 7759 

2-4609 9945 8304 

22 

1-6307 2910 1631 

2-4198 4165 3739 

23 

1-6365 1740 9336 

2-3808 7019 0604 

24 

1-6426 0414 3713 

2-3439 0472 4447 
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c = sin 7. 


h = cos 7. 


7 

Fc 

F, 

25 ° 

I ‘6489 9522 8479 

2-3087 8679 8167 

26 

1-6556 9692 6310 

2*2753 7642 9612 

27 

1-6627 1595 8491 

2 2435 4934 1699 

28 

1-6700 5942 6270 

2-2131 9469 4981 

29 

1-6777 3488 4081 

2-1842 1321 6949 

30 

i ’6857 5035 4813 

2-1565 1564 7500 

3 * 

1-6941 1435 7306 

2-1300 2143 8399 

32 

1-7028 3523 6412 

2-1046 5765 8491 

33 

1-7119 2469 5156 

2-0803 5806 6692 

34 

1-7213 9083 1374 

2-0570 6232 2797 

35 

1-7312 4517 5657 

2’0347 1531 2186 

36 

1-7414 9923 4427 

2-0132 6656 5201 

37 

1-7521 6523 6469 

1-9926 6975 5735 

38 

1-7632 5618 4059 

1-9728 8226 6275 

39 

17747 8590 9104 

i’9538 6480 9252 

40 

1-7867 6913 4885 

1-9355 8109 6006 

41 

1-7992 2154 4050 

i' 9 i 79 9754 6438 

42 

1-8121 5985 3662 

I -90 10 8303 3465 

43 

1-8256 0189 8136 

1-8848 0865 7384 

44 

1-8395 6672 1094 

1-8691 4754 6031 

45 

1-8540 7467 7301 

1-8540 7467 7301 
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New use of A and 0 in factors. 


18. Hitherto our argument has used A and 0 as expanded 
in their first definition ; but as deduced from S and T, they stand 
as products of factors. 


Their general factor is (1 — 2g“ cos 2® + 5 *"), which may be cast 
into three forms, which, when q is constant and only x varies, are 

(1 — g")* + 4g'“sin®a;; (1 + g“)* — 4g“co8*a;; (1 + g*") — 2g” . cos 2® : 

proportional to 


1 + 


sin* X 
Sin*«p’ 


cos* X 
Cos* . np ’ 


cos 2 ® 
Cos 2np ' 


Therefore with 4i unknown functions of g, we may assume 
three equations 

A (g, x) 


■ sm X 


A(g, 


A. 


= sm a: . 


A (g, x) sin x 


sin {ir 


/, sin*® \ /, sin*® sin*® N „ 

• V ShiTv) Sin* 6 p) •” 

/.. cos*® \ cos*® cos*® ^ ^ 

V ~ G^2p) V ~ C^p) V ~ Cos* 6 p/-” 
cos 2 ® cos 2 ® cos 2x \ 5 

I C3^jl Cos 8 p j V "Cosl 2 p;- . 


To find A m«|,ke ® = 0 ; then A = ^ ^q). 

[See (j) in Ch. vii. 15.] 

To find A, make ® = ^tt; .*. A, = A Qtt). 

To find A 3 make x - 4g = A (Jtt). 


Similarly with B‘ B" B"' unknown constants, assume 

^(9> , sin*®'\ , sin*® ^ , sin*® 

S' Sin*, pj r Sin*. 3pj V Sin*. 5p 

0 (g, x) /. cos* ® \ / cos* X \ cos* ® 

ii" “ r Cos*, p ^ “ c^r^j V ~ 

0 (g, ®) _ / cos 2 ® \ / cos 2 ® \ / cos 2 ® 

R" Cos.2py i^“Co8.6pA CosTKV 


^ ... &c.* 
^ . &c. 

j . . . &c. 


To find B' , make ® = 0 ; then JS' = 0 (0). 


To find B " , make ® = ; then B" - 0 (^tt). 


To find F", make ® « ]r 7 r; then B"' - 0 (^tt). 
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19. We found 1 {q, x) = log 


Q(g> x) 
%{q, 0) ’ 


which, hence [since @ {q, 0) = 5'] 


= 2log(l + 


sin* X 
Sin* . (2n ~ 1) p. 


:)• 


if n mean 1, 2, 3, 4 ... . 

Differentiate, remembering that 

d.l = 0.dF‘, dF=Gdx; 

d . sin* X 2 sin 2x . dx 


also rflogfn-— ) = - 
® \ a J a 


+ sin* X 2a + (1 — cos 2x) ’ 


where a means Sin* (2w — 1) p, therefore 

nr/ \ sin 2x 

^ ‘ “ '1+2 Sin* (2n — 1) p — cos 2x ’ 

A somewhat simpler series results more directly from 

ir r f 25 '*’* sin 2i» — 45'*'®sin 4a; + 6g^’*sin 6a; — &c. 

or i '. (CO)) 1 — 25 ‘‘*cos 2 a! + 2g'*’*cos4a; — 2g*'*cos6a;+&c. ' 


If we have an adequate table of e”**, and p is given, we directly 

find the powers of q = e~^, = The convergence is 

unprecedented. 

If occasion requires (though it never seems to require), that 
we need to calculate E {ca>), we must have recourse to the primary 
method of Ch. ir., else deduce it from G (co)). But the latter method 
needs Nc( of which we have no’ table, and thus we are driven to 
Legendre’s table of F^ and E,, or rather of log F^ and log^, for 

log«, = log£(,-logJ(,. 

Since Legendre undoubtedly calculated p as his step towards F ^ , 
and as his step towards E„ (though without my notation), it 
is always possible that his subsidiary work for full tables of p and 
may be recovered. 



136 


THE HIGHEB THEORY OF F AND E. 


Large Modulus. 

20. If c be very near to 1, ie. too large, q may be too small 
Then let p' r be to 6, what p q are to c. 

I called q the Basis, let r be the Antibasis. Then as 

1 1 9 ^ 

i«g— V = 

1 1 o - P 

so log- = 2p = -7 r.^; 


and 4ipp' = ir\ = log - . log - . 

When b = c,q = r. But log, 23 = nearly tt, and q = ^ = T, nearly. 

If q exceeds r is less than 

If q^ is = <f, and r, is related to g', as r to 9 

or logi . log J = logi . logi. 

But log^=21og^, .-.logi =ilogi, 

or Tj = i\Jr. 

Thus a series q^q*<f • •• answers ix>r Jr \Jr Jr. . . . 


Cor. In this connection it is convenient sometimes to write 
a for and f for - , 

jD tt 

2/)' = air, .'. r — = e~ r* = r" = e~ 

21. As with the Antinome in Oh. ni., when 

sinfi) = V”l-t*^i^'^> L'(c<i>) — h/-l.F(by^), 
or if y are the Mesonomes, 

Cai = J—1 . By, 
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PASSAGE FROM 0 (g, x) TO A® (r, y). 


Also in Ch. ill. Art. 15, we had the transformation 

a? 

*1 (c®) = “1 (6l^) -• 3 - + log cos 

zp 

Replace each *1 by our new form 

m/ \ 1 


then 

Again, as 
so 

Eliminate 

hence 

Make 

Eliminate 

then 


0(g, x) %ir, y) -g 

@(g, 0) @(r, 0) 


kJc . cos a> = \/h . 


A® 
@ ’ 


@(r, y)co8'^, 

Q(g> ^ /c_ A® (r, y) 

@(g, 0) V 6 ’ ®(n 0)* 

x = 0, 2 / = 0 , 

/c A®(r, 0) 
V 6 ' 0 (r, 0) ■ 

v/p 

@ (g, a;) _ A® (r, y) ^-g 




. € 


( 1 ). 


0(9,0) A®(r, 0) 

Such is Legendre’s beautiful result. Second Supplement, Art. 
182. 

22. Further 

0(9, 0) = V(6(7), A®(r, 0) or A(r, i7r) = ^/(6R), 

.V . 0 (9, 0) /bO , 


flj* 


0(9, a?) = V« . A®(r, y) e (2). 


Solving in reverse, 


A’ (r, y) = ^/a■^ 0 (9, «) 6*^. 


tolo 
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In this, the change of cw to byfr require the change of brfr to c 
and — ft>, observing that 

a« = V— 1 y leads to a“‘ y = — a; V ~ 1 > 
so ® changes to — y, a to a~\ p to p'. 

Then A* (q, se) = ® (^, - y) 

= <s/a.® (r, y) e [see 21] ; 

and if f stands for the ratio — (which is not an arc), 

TT 

®{q.x)^JaK^{r,y).r^ (3). 

A® (5-, x) = Ja% {r, y) r^ (4). 

23. Now by definition of A, and hence of A (r, y + ^tt) 

A® (^, y) = S , 2 cos (2m — 1) y} 

where m means 1, 2, 3, 4 ... . 

Transform by y = — V— 1 . a® ; 2 cos . wy = 2 Cos (wo®). 

Here, the circular arc changing to an Anticyclic, we may well 
feel anxiety about the convergence. 

But, whatever n, 

2 Cos («a®) = + A 

and in S , 2 Cos . nax) 

the exponent of r is + nf ; 

but to attain 0 {q, ®) by (3), we have further to multiply by 
which makes the total exponent of r 

= in* T nf + f* or (^n + ^)*, 
so that 0 {q, x) = Aja. 

if we give to n its right successive values, which are found from 
2m — 1 = n; where m meant 1, 2, 3, 4 ... or n = 1, 3, 5, 7. 

Further, let ® = (J — «) tt j then as we may suppose ® less than tr, 
u is positive, but less than i, and 

fa ® 1 
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In (^n T f )* take the double sign separately, therefore 

/I ft — 1 

(^ft-l) or -Y- + U 
means the series u, 1 + ft, 2 + «, &:e. , 

1 /I 

and (^ft + f ) or ^ — u 

means the series 1 — w, 2 — u, 3 — w ... ail positive, 
but that is unimportant, for here only the squares enter the ex- 
ponent. Thus each series is contained in 

M, ft ± 1, ft ± 2, u±3, ... 

that is, simply in (u + n) if n is understood for 0, +1, +2, ± 3 ... 
including both signs. Then simply 

e(g, = (5). 

Since by hypothesis c is inconveniently large, p is small, p' large, 
r small; also u is less than Thus with the increase of x and 
ft, 'the convergence is excellent. 

That both Cyclics and Anticyclics here vanish, caused me at 
first much surprize ; but it is correct. 

24. Similarly to transform A*(g» hy aid of equation (4), 
we must follow step by step in the last Article, mutatis mutandis. 
Only to prevent confusion of plug and nginus, in the yesult as well 
as in the process, I now begin by ;»'= ^tt — x, which changes A®(g, x) 

OG 

to A (g, x), next write v = ^ . But frong » = (^ — ft) tt, and 
— « = WIT, you have exactly v = u. 

Because of the alternate signs, it is safer now to write a,i full 

A‘{q. a;) = Valr’'-(r'’-'’ + «■<'♦'>■) 

+ (/•-”■+ 

_ (/•-•I’ + r*’*”’) 

+ + >■**■*'’’) - Sic.] ( 6 ). 

Now we see how the vanished Anticyclics will appear in (5), 
and why they are no longer formidable. 
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25. To apply this to the Diplonome, where 


1 (C, ft)) = log 


we have 


Q iq, sc ) . 

® (9, 0) ’ 


whence 


ete0 )=vw, <.=§, = 

-T(cfi))=-ilog(65)+log2r(’‘+“)’ (7). 


26. Next from 1 (cw) = log ; we get 

'' ®{q,x).dx 

ce d . 1 (cd)) = G . 0 (cao). 


and we have made 


00 

— = \ — u, or dx= — iru. 


d,%(q,x) . . . , dS. ?•(»»+“)’ 

m last Article - . 

and we have to differentiate the general term 

Whatever z may be, d . r* = log r . v^dz. Make z={n + uf. 

Now logr = — log- = — “TT . du = ——.] 

° ® r B 7 t 

which two negatives are to be multiplied together as factors under 
% with result 

d.r(«+«)* = + 7r.2.r(»+“)*.2(« + «).^. 

Jo ?7r 

The factor tt in numerator and denominator disappears. The factor 

Q 

^ will change the factor C on the left to B; and 

n kt. ,, S . 2 (n + m) a . S. 2%. r (»+“)* 

B.G{ca) 2 (r <”+’•)*) 2 (r (»+«)*) ’ 
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n being, as before, the double series 0 ± 1 ± 2 ± 3 .... Observe, that 
since 2u = 1 - — , we may transpose — — , and on the left, for — 

TT TT TT 


write B > then (? (cco) -f ^ = J (cco). 

Thus for a large modulus c, we find (as might have perhaps been 
expected) 

B . J {cm) — 1 + 2 ^ ^(n+«)» • 


27 . It remains to inquire into the factors of 0 and A, akin to 
those in vii. 10, when r is to supersede q, because c is too large. The 
constant ^{q) was a factor, when 1 — 2g'”* cos 2a; + 5*“ was the general 
factor, and the latter arose from combining two imaginary factors of 
8 and T. It will naturally relapse into two factors, when cos 2a; 
changes into an Anticyclic. Here, to apply ( 3 ) and ( 4 ) of Art 22, 
we must express A*(ry) [and presently ®{ry) by the formula of Vll. 
10, using <jy{r) instead of of that Article. First 

<f> (r) . A* (r, y) = 2 cos y . (1 + 2r* cos 2 y + r*) 

(1 + 2r* cos 2y + r*) (1 + 2r* &c. . . . ). 
Now ax = nj—l .y, 2 cos y = 2 Cos . aa;, 2 cos 2 y = 2 Cos 2aa;. 

But y = ^ = - , rf = e"®*, 

IT 

2cosy = r"f + 2 cos 2y = 

as general factor 1 + 2r" cos 2 y + r^=l+r”' . {r~^^ + r*^) + r®*] 

= (1 + + r*" 

the factor, as we foresaw, splitting into two. 

Here m means 2, 4 , 6, 8.... 

Writing a P of German type for Product, we express ^(r)A*(ry). 
Then, multiply ( 3 ) of Ait. 22, by <^(r), and you find 

^(r) . 0 {q, x) •- It/a, .{r^ . (r~ ^ + r^) 5)3 (1 4 r”‘“*f)(l 4 

in which . (r“f 4 r^) = r 4 

and m has the value 2, 4, 6, 8.... 

Wehad f = - = i-M, f-J = -u, ^4i = l-M, 2f = l-2«. 

IT 

The series 2 — 2f, 4 — 2f, 6 — 2f, . . . is 1 4 2 m, 3 4 2«, 5 4 2m. 
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The series 2 + 2f, 4 + 2f, 6 + is 3 — 2 m, 5 — 2u, 7 — 2m. .. . 
Also y(f-i)® 4 - ^ = r“* . (1 + - 2u^ 


so that after the factor r”* we have factors of the form 1 + in 
which r has exponents 1 + 2m, (3 + 2m)(5 +m),| - , - 

- irOlU V8.iU6S Ot 71, 

and 1 — 2m, 3 — 2tt, 6--2 m,...J 


Finally, <f> (r ) . ®{q, x) = >^a. r*“* . 5)? (1 + 


2r^ 


i 


(Xj 

N.B. ^{r) = ^ meaning 1, 3, 5, 7... and tt = ^ . 


28. If we need A {qx) in factors, in the same case of c too large, 
we take 0 (ry) to gain first A® {q, x) and afterwards change x to 
^TT — x on both sides of the equation, or rather u into ^ — u. 

I believe the result to be 

<f)(r),A (qx) = ^ (1 — with n = 1, 3, 5, . . . 

Observe the negative sign before r, under the symbol 5)}. 


29. Article 27 now avails with G . G (cta) 


or simpler 




d . 0 (q, x) 
© (qxdx ) ' 


But it may be easier to dismiss all constant factors, and simply to 
write 0 (qx) proportional to r“*.*P(l + since r = e"“", 

with t any whatever, 

(1 + 1^) = r‘(r~^ + r^) = r* 
proportional to Cos avt. 


Put 2i = w. ± 2m, i = I n + m, then 0 (qx) varies as 
r*’ . . Cos . (mtt . ± u), 

or with N an unknown constant, probably a function of q, 

® (?> (v)=N . r“' . ^ . Cos (air .^n±u). 

Take log and differentiate, then N vanishes, and 

d . log 0 (q, «;) = . tt® . log r + St? log Cos (air . ± w). 

But whatever variable k means 

d\ogCos.k=^^!^~ = Tnnk.dk, 
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and if k = a'tr.{\n± u), 

dco 

dk — ■¥ air . du — T d'lr . — — + ada;. 

Also . w*= £««?« = — logr = — OTT, 

In this last S we may write separately the two terms in which n 
is the same but u either + or—; A: is gtt. Qn + «) and a7r(^w — «), 
and dk is — adai and + adx. 


When dx is removed the sum of the two terms is 

— a , Tan (aTr . + «) + a Tan (air .\n — u). 

We may add zero = a — a to the pair; then with fl for 1 — Tan, we 

find a {n {air .^n-\-u) — T\ {air . — «){, 

for the general term of S, with n for 1, 3, 5, 7. 


d X 

• Also ^ . log ® {q, x) = C . 0 {coi). Keplacing ^ for u, the 

d/X TT 

pair of terms become 


ajn^a. -TT-arj - H ®)| • 


Divide both sides of our equation by a = ^; then, in full 

2x 


B.O{c<o) = l- 


ir 


G 
B 

■T\{ax) 


+ T\{a.ir - x) —T){a .IT + x) 

+ T\{a . 2ir — x) —T\{a . 2ir + x) 

+ f\{a.Sir — x) — J^{a.2ir + x) + Sic. 

2tZ7 

If we transpose — — , the left hand becomes B . J {c<a). 

This seems to complete the case of c too large. Another form 
for “T {cm), analogous to this last article, is possible, but seems to have 
no advantage over Art. 25. 

The last formula rightly shows Q {cm) to vanish when a? = or 
x=>iT. But in second quadrant Q is negative, and the x ought never 
to exceed \ir. 



CHAPTER IX. 


The Higher Scales. 


1. Our two last Chapters have anticipated that which to com- 
puters was the chief interest of these scales ; but these are needed to 
complete the Science. We had learned from Lagrange the scale of 
I n dex 2, of Legendre the scale of Index 3; Jacobi generalizes and 
shows the scale of Index n. Legendre joyfully comments, that the 
more general argument is the clearest and easiest. Here we take 
advantage of our past equations to deduce the wider theory of the 
scales. 


In Ch. VII. Art. 8 , divide A (jf, nx) by @ (g“, nx), then 
A (g", nx) A ^ ^ A„_, 

@(g", jia;) ® ’ 

in which ^ = Vc sin <», and we assume appropriate arcs a', ta ", . . . co'’*"’’ 
for the other factors, corresponding with 


TT 27r , (n — IItt 

« + -, x-\ , 

n n n 


and n may be even or odd. 

We may assume h with 6 related to nx and 5 “, as c with <» to a; 
and q. 

from Vc sin m = , 

%{q,xy 

we deduce »Jh sin 6 = . 

@ (?", nx) ’ 

and sin ^ = Vo sin ® . Vc sin to . >Jc sin Vc sin (A). 

F F 

As O' means j-? , naturally H means ; and as F (cm) = Cx, so 
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145 


F(hd) = H .(net), 

F(h, 6) F(c<o) 

or -- - / ^nx = n. — ; 

and if we write F{ca>) = fi. F(h, 0) 

in conformity to the earlier scales, we have G = nfiH. 

Our first business is, to express the right hand of (A) in functions 
of sin (a. 

2. When n is odd = 2m + 1, we may separate the factor sin at, and 
join the 2m factors that remain into pairs by introversion. Writing 

sin ft) = sin I, (a;) ; 

we have 

Jh sin 0 — Jg" . sin|„(«) . sin|„ + -) . sin|„ ^ 


. I / SttN . I / (n — 3) ttN . 
8 in|^ (a: + — 1 . sin|„ la; + - — j . . . &c. 

(n — r)7r\ . I fnr \ 


Now siD|.(w + *” = 

and by iv. 8 above 

sinl. (s, + .) »i„|. (j, - .) = ‘ 

thus each pair of factors has the form 

sin’* — sin’* a) ^ 
l-c’*sin*cif„. sin* ft)’ 


® = 0 («), = „(i7r), a,p = tt) . 


mi IL • a / n ■ C« Sin* OU — sm* ft) 

Thus Jh . sm ^ = Jc . sm &) . ^ r— — »— ^ 2 “ > 

^ ^ ^1 — 0 sm* ftjp . sm* ft) 

where ^ means 1, 2, 3 ... up to — 5 — or m an integer. 

3. From the last we readily deduce cos 0, Let 
F= (1 — c* sin* Oj, sin* <») 

N. E. I. 
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and 




^ sin 0 ) . ^ (sin* — sin* <»), 

U 


sin d = 


V’ 


in which E and V are integer fractions of sin o) ; Z7 odd, of degree n, 
V even, of degree n — 1 (where n = 2m + 1). 


Hence 


1 + sin p = — y- , 


and 1— sin0 vanishes when d = n.\TT, and (»=^7r; so then does 
V—U', hence it has factors by taking ti) = ^7r, (o = 'ir, © = f tt, &c. 

(sin Oj — sin (o) (sin + sin w) (sin — sin a>) &c. . . . 

and similarly with 1 + sin 0 by merely changing sin o) to — sin <» ; so 
that its factors are 

(sin a, + sin to) (sin — sin <») (sin a^ + sin w) . . . &c. 

Multiply these together, write if* as an unknown constant factor, 

F* cos* 6 — M*. (sin* a, — sin* a>) (sin* a, — sin* on) 

(sin* a^ — sin* a) ... (sin* — sin* a ) ; 

since n is odd, one factor here is sin* a^ — sin* ta, that is 1 — sin* w or 
cos* 0 ). Also on each side of this factor 

sina„., = sina„^,; sin a„_, = sin a„^„ 


since 



Thus every factor except 1 — sin* © is repeated, and we find 
F cos 0 = if . cos © (sin* a^ — sin* ©) (sin — sin* ©) . . . (sin — sin* ©). 

To find M, make © = 0, cos © = 1 ; F = 1, 6 — 0, cos 0 = 1, 

1 = if . sin* , sin* a^ . . . sin* a^_g. 

\To catch the eye, here and elsewhere I write /S rather than a when 
the index is even."] We may also find 1 + sin 0 1 — sin 6. 


Eliminate if. 


FcOS^ = 0O8«(' 

1 ... f 

sm*aj/\ smaj V 

1 

8in*a„V 

(1); 

= . ( 

sin* ® sin* © \ 

sin*/8^/V Bm'fiJ" 

sin* ©\ 

C2). 


Make © and $ infinitesimal ; 

F=l, 


N: 


Sin © _ 
sin<? '* 
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4. We proceed to find the formula for A {h, 6), which is best 
obtained by the law of Double Inversion. Put v = sin <», y = sin 6. 
In the discussion of Imaginary Amplitude we found that to change 

dv 

V into (cw)"‘ leaves ^ unchanged. If then in 

dF(ca>) =/idF(h0) 
we simultaneously change 

sin 0 ) into (c sin ®)"* and sin 6 into (Ji sin 

it does not change the differential equation. Now in the trigono- 
metrical relation of o) to 0 the variables sin &> and sin 6 — (say v and y) 
are not only zero together, but also infinite together. 

By this process of double inversion.) , 

M- for 0 , and (hy)- for y, } 


/^ — _ ay 1 — V® cosec* C, 

V i-cv 


first into 


cv 

hy 




c* sin* a. 


■•'sin‘‘/S^ 

1 - c*v* sin* a,y., 


(sin*^j,-t;*)' 


Eliminate - by its equivalent in factors of v. Then 


£ / I 

hy i-c*«*“V 


1 - cV sin* g,y_, 


c* sin* (1 - cV sin* 0^) ' 


n — 1 


Now 5|} . c* means c”"*, since — ^ — is the number of factors in 
Make v = 0, y — d. Then 


/c“ 1 

y h • c-‘5|}8in*a^_, 


or 

which with 
gives 


= Jd' . sin* a, . sin* ct^ ... sin* a^_^\ 
n/A- = ^c"./x*|3sin*/8 
sin^ 




sin/8, 


iP 


Also we have finally, 

£^{hd) 


A [coa) 


1 - c’’ aiP* siu* 


1 — c* sin* oi sin* $. 


(3). 


«p 


The equations marked (1), (2), (8) are the main results of Jacobi’s 
First Theorem. 
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0 . The last equation leads to a new integration of 

fidd _ A (h, 9) 
d(o A (c, 0 )) ’ 

by giving to this surd its value just obtained. Algebraic analysis 
shows that with unknown constants and N 

1 — c V sin® a 
^ 1 - c V sin^ 

M 

is resolvible into A" + S _ ; 

1 - cV sin* 

and we may find by an easier process than that of Legendre. But 

first, make v infinite, .•. N’=^ • 

^sin‘*/3 

We already know that this means A’= /j,. Next, write k for c*sin®/S,p. 
Multiply by 1 — and after the multiplication make 

1-W = 0, 


ifjp alone remains on 

the right hand. On the left you have the 

equivalent 


or 

— k'‘v*) 

/da>\ ' 

\dd) 

to be taken when 

, 1 

® “A®’ 

.'. when y = 00 and 

dd ’ 

which gives 

O 1*0 

II 


Differentiate numerator and denominator, which gives 

— 2iJ,.k*. vdv 



But vdv = sin ta cos tadat, so that 

, . —2fi. k* sin ft) cos a 
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or 


— 2/14 . . sin ® cos <a 

— ' 

dto ’ d6^ 


in which we are to niake v* = Ar"*. The numerator is 

— 2/LtA;* . V \/(l — v% 

which here becomes — 2/aA;* . A;"‘ V(1 — 
or - 2/a V- 1 V(1 - A;*), 

that is, - V-1 . 2/14 . A {c^^. 


The denominator 



Since at this crisis 



we may treat w as constant in this differentiation which leaves only 

sin 6 cos 6 

® 1 -h^&m^e ’ 


or 


V(i - y") 

i-hy ’ 


which, when y = oo , converges to — — or — 1, 

y 


= 2^4 . A (c^jp), 


whence, dividing by /*, 


^ = 1 4.5: 2A (c^ J 

da 1 — sin* a sin* ,8^ ' 

Thii^is directly integrable, 

^{6-a) = 'i tan“‘ , {A (C)8j„) . tan a], 


Finally 


giving an elegant generalization of the case, where n = 3, and 
tan . ^ — w) = A (c/8) tan a. 


6. We pass from the 1st to the 2nd Theorem of Jacobi by making 
sin ft) = V— 1 tan ^jr, and sin 6 = »/— 1 tan It involves only trigo- 
nometrical routine. Nothing can be added to the lucid treatment of 
Legendre’s “Supplements.” The main interest here is, that yjt and x 
reach ^tt together, so that, with F, = n/i. from the former theorem. 
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we have = {iF^ from the latter; if then p be the promodulus for 
c, and p, for h, we have now p, = np. This completes the analogy. 

The relations of the constants are exhaustively developed in 
Legendre. 

7. If at and 6 both vary together in x, then by Ch. ill. Art. 9, 

So in the scale with index n, where np, nx replace p, x, 

S (nx) = + H ,Q (hff^) . B (np). 

Identify x and p in the two equations and make a> constant, Bea = 0. 
Let X® stand for GG (co)*) — HQ (hff’), we find 
H=[nH.A(he)r\^ . 

dp 

dO 

Our first business is to deduce the value of ^ (when ® is constant) 

from the integral which closes Art. 5. Differentiating it for c and p 

. , , dd tan ft) dA (c, /S) 

vanable, ^ = 22 / ox . — — • — V^— ; 

dp 1 + A (cyS) tan to dp 

where yS means a,, a^, By the general law of functions of 

two elements, our ^ (with x const.) 

= — ^ (when to is const.) x ^ (with p const.), 


Make © = y8,, 


dp 


= — G.G (ctof^) . GA (eto). 


= -G\G{cfi^„).A(c^„). 


Also by Ch. ii. Art. 8, 




dA (cy9) _ — c sin y8 d . csin 0 
dp ~ A (c0) ' dp 

_ - c sin ^ 

~'aWT 


8in/S^ + ccos/9.^j 
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which further = + {ftWsin ^9^^+ ccos 

Divide this by C*c* and call ihe quotient for conciseness. It is 
presumed to vary with 2p, the index of Also 

tan 6) _ sin a> cos a> 

1 + A* (c/9) tan* w ~ 1 — c* sin*^ sin* to ' 


Then 5^ = 2(7*c*sinft)C0s®S= = 

dp 1 — c sin* /8jp sin* to 

where concerns us little. 

For we reduce the fractions under 2 to a common denominator. 
The numerator is an integer function of sin* w, of the degree sin"“* at. 

Jfk 

Call it ^ (sin* to). To obtain i®, divide ^ by nK. A (A, 6) and give 
to A (h, 6) on the right from the close of Art. 4 its equivalent 

1 — c sin to sin 

Observe that C* = O' . np,H ; then 

y., _ 2(7c* sin at cos to p<f> (sin* to) 

A (cat) ■ ^ (1 - c* sin* co sin* a,^.,) ’ 

and the last fraction is again resolvible into the form 

Pip-i 

^ ’ 1 — c* sin* to sin* ’ 
where P^^.i does not contain to. Further 


A(c(o)q}. 


A {cat} 


= sin to”. 


, • 1 TO n x? 2c sm co8in(o®.P„. , 

hence more simply A® = C . 2 = i — . . - ^ . 

^ ^ 1 — c* sin* to sin* Oj^.i 

[Afterwards, by retracing our steps, we can prove that P^.j here 
1 . 1 

8. Our next step is to change to® into to. Observe that this 
changes Mesonome a; into ^tt — an, and nx Mesonome of 0 into 

n (^TT — x), 


or into 


n — 1 


. TT + {^TT — X), 
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H 1 

and here — ^ is integer. But Q (h, $) remains unchanged i^ mir be 

added or taken from its amplitude or mesonome ; therefore to change 
here w® to ®, changes 0® to 6, and L will represent the new value of i®. 


[To examine more closely, 

^(cft)®) = i; - i’M = nnF,-/iF{he) = (n- 1) ^lF, + fiF{hff>) 

= ,. ji- ( a, ^) + (i, ^ (a, ^ ,r) . 

W ““ 1 

Thus to change a)®into ®, changes ^into 0 -\ — ^ ir, but the addition 


71—1 

of TT to the amplitude in no respect affects the Nomiscus. The 
double change of w® to a and ^ to ^ is thus justified, when n is odd.] 
Put now 


L = CG(co>) - HG Qid) = G.t 


2c* sin ft)® sin 6) . P 
1 — c* sin* a . sin* ta® ' 


In the denominator for sin® ft)® write its equal 


cos® ft) 


and the denomi- 


nator becomes 


A® (co)) — c® 8in®a . co8*ft) 


or 


since 


A®(cft)) 

A*(ca)-c*cos®asin*ft) A®(ca) , « • so • * ) 

"" A®^ft)) ® ^ 


cos® a 

A^ 


A*(cft)) 

= sin® /3. Finally if, with a new constant M, 
P — M, sin® /8, 


T _n K M sin*/S sin q> cos (bA (cca) 
l-c*sin*^8in*ft)“ “ ’ 

in which M, though free from a, may have various interpretations for 
each separate value of /3, to which 2 alludes. 


[In Legendre’s Scale, Ch. vi. Art. 21 (p. 43 above), where this 
formula has one term only, we have the numerical fraction ^ cor- 
responding to the M of this article.] 

Multiply the last equation by 

dF(ca)) _ dF(hd) _ dm 
G nH ~ A (cft)) 


and integrate, then 
1 
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a striking result, where nothing remains unknown but the set of 
constants 


Research of the constants M. 


9 . The research of these constants may seem too elaborate, yet 
on the way it reveals a few other things. Let mean 

2 c* sin*j8 sin © cos ©A (c©) 

1 — c* sin*/3 sin*© 

then we have L = 'ti.G .M /(©, ^). Write 

Fic-q) = F (c©) + F(c, /S)| 
F(cf)=F(cw)-F(c^)y 


then by Euler’s Integrals 


sin 


. , 2 sin /S cos A (ca>) 

77 — sin y = = o . — 3— • 

^ 1 — c sin yi? sin 0) 


Again 


We infer, 


= c® sin y8 sin © (sin q — sin 
Ed) + Efi — Eq — c® sin y8 sin © sin 7; ; 
E(o — E^ — Eyfr = — c® sin 0 sin © sin \fr. 
= ’tE(o — Eq — E-<^. 


Differentiate with c and yS constant, also © principal variable 


dq dm _ 

A© . f' (©yQ) = 2 A®© — A^q — A®'^ = c® (sin* 77 + sin*'^ — 2 sin*©). 


On the other hand 

dL ^ dOjcm) dGjhd) 

dm dm ’ dm 

A (CO.) . ^ = C { A- (m) - N,| - a 1 A- (J , tf) - NJ 


d 0 Afrg) 
d(o * A (co)) 


since 
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JT 

Thus giving to ^ and f'(a)/3) their values and dividing by 
(A* - . (A,* - NJ = c*S . if (sia®ij + sin*i^ - 2 sin*®). 

TljUL 

10. Assume « = (N, - 6*) - - ^f*) 

y * 

(l-N.) 

Then s + 1 = c* — . 

nij. 

Now A* - X<, = (1 — Xe) - c* sin*®, A,* — = (1 - - h* sin*^, 


.'.t — c*sin*® 4- 


or c‘ cos*® — 


A* cos’ 




h^Hin^e 


c*S . if (sin*i 7 + sin*i^ — 2 sin*®). 


Since either ® or d is arbitrary, let 6=^p.l^7r, a) = a^, and for 
clearness we must write for the values of M the series ifj,i/^...i/„_,. 
Also we must write a, the index being doubtful. Then t) = 

= «jr 3 „t leaving m undecided. When p is odd, cos 6 — 0, sin*^ = 1. 
When p is even, cos*^ = 1, sin ^ = 0. 


Thus, with p odd, 

c* cos* a, - s = c*2 {if (sin*a,^„ + sin*ap.,„ - 2 sin*®^)}. 

But with^ even, the left hand is expressed by t - c*sin*ap. In this 
way we get rid of h entirely. By making ^ = 1, 2, 3...(w — 1) we 
have (n — 1) [or say, 2r] different equations, and the number of 
unknown constants, counting s-and t, is r + 2. When n = S, we 'have 
only 2 equations and 3 quantities unknown; so that our equations do 
not suffice. When n = 6, 2r = 4 = r + 2, which shows 4 equations 
with 4. [To fix ideas, solve for n = 6. Make p = 1, 3 and 2, 4. Write 
a'b'c'd' for sin*a, sin*ag sin*a 3 sin*a 3 . Then 

c* (1 - a') - s * c*if,(c' - a') + c*if,(l + c' - 2a0\ 
c* (1 - c') - s = c*if, (1+ a' - 2c') + c*if, (a' -c') 
t - c'h' = c*if, (of - 26') + c*if 3 . (a' - 6') 
t - ed! = c*if, (6' - d!) + c*if, (6' - 2d') ; 



EVERT M OF THIS CLASS* 

Elitnioate s from the two first and t from the two last, and you can 
divide hy c®. It remains to find and from the two resulting 
equations, viz. from 

(c' - a') = if, (3c' - 2a' - 1) + if, (1 + 2c' - 3a'), 

(d'- 6') = if, (2d' - 36') + if, (3d' - 26'). 

In each equation the sum of the two coefficients on the right is just 
5 times the quantity on the left. This puts in evidence that if, = ^ 
and if, = -^ is one solution ; and therefore here the only solution.] 
Since also in Legendre’s scale we can prove the if to be J, we are 
prepared to expect that in the scale of Index n every if of this series 

will be exactly = ^ . 

11. We have (n — 1) equations of which the odd ones contain 
s and the even ones t. Subtract every (p + 2)** equation from every 
and (« — 3) equations will remain, free from s and t. The left 
hand, when p is odd, will become 

c*(eoa*aj,-cos*ay^) or c* (sin®a„,., - 8in*a„) ; 

which is exactly what we have on the left when p is even. No 
distinction between the two cases remain. Let us denote 

sin*a^, — sin® Op 

by h,. Divide both sides by c*. Then every equation of the series 
is represented by 

in each of which m has the values 1, 2, 3...r, where 2r + 1 = n. 


If in r (or more) linear equations with r unknown quantities we 
find a system of values for these which fulfils all the equations, we 
have certainly alighted on the true values; for linear equtaions admit 

no second solution. And I say, here, every Jlf = - . In proof, let us 

Th 


introduce this value, and test the result, leaving^ arbitrary. Malcing 
~n’ outside of X, 

then nhj, = 2 (2^,) - X (S,^„ + 

But 2 . 2^, for r terms gives 2r . S, and n - 2r = 1, which reduces 
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which we must test. Now xh. 


means 


^i>+s ^144 "i* ^i>+8 "i" ■ • • ■i'^f+r • 

Look to the definition of S and you find the sum of these r terms to 


be . 
Again, 


«w,r+» - sin*fl^^,, 


means 


Hm. + + " • + ^p-v ®*“**i> “ ViiT/ 

But from the nature of a, we get a_^ = — Op, so that 

8in*ap.^ = 8in*a,,_p. 

S 6,+^ + = - (sin*a,„ - sin*Op) + (sin®ap^,p^, - sin* 

The two last indices are supplementary; for 

(p + 2r+ 2) + (2r — ^) = (^ +«. + 1) +(n — 1 — p) = 2n; 
therefore the difference of the terms is zero. Also 

sin*ap^,-sin*ap = Sp; 

thus the equation remaining is simply 2 (^ruiii which 

is exactly what alone we had now to prove. The equation being 
thus verified with p arbitrary, it is established universally, and tOe 

ascertain that every M=^. 

Finally then 

T (c®) -\^{he)^-^X log (1 - c* sin*^,^ sin*®), 


where 


m = 1, 2, 3... 


« — 1 


12, We now learn also the values of s and t. Put 
^ ^ 2 (sin*«p^„ + sin»ap.^ - 2 sin*a,), 

then, with p odd, s = c* (cos*ap — 8), and with p even, i = c® (sin*®^, + 8), 

The values of s and t do not vary with p. It suffices to assume 
p = 1 and p = 2. Also 2 2 sin^Op means (n — 1) sin*ap; also 

sin®a„^ = sin»a^„ 

because the indices are supplementary. Again 

sin* a' + 8in*/3' — 2 sin® 7 ' *= 2 cos*^ — cos* o' — cos*y3', 

^ ^ ^ + sin*V»») - sin*®,. 



VALUES OF S AND t IN AET. 10. 


sin\ + 8==- {sin*a, + 1 (sin*a^„ + 
so too cos*aj, - S = - (cos^Sp + X {co8*a^ + cosVp.^ J}. 

' 'll/ 

Put;) = 1, since cos* = cos*ag^_j, 

c* 

s = - {cos*a^ + X (cos\„,^^ + cos*a,^,)}. 

Put p = 2, then similarly 

71 *“ 1 

Remember that m after 2 has the r values 1, 2, 3... — also 

It 

= ^TT, «„ = 0, extreme values. Then developing each X, you get 

i 2c* \ 

« = — (co8*aj + cos* a, + . . . + cos*a„_j) 


I « = — (sin* a, + sin*a^ + . . . + sin*a„_,) j 
See the meaning of s and t in the opening of Art. 10. Also 

5 + t = C 5 . 

ufjir 

[Now too we may imitate in the scale n the procedure of vi. 15 
in the scale 3. It gives — ] 

13. Descent upon Legendre’s Scale. The method of Art. 10 
failed when » = 3. The process originally used by Legendre (re- 
produced in Ch. VI.) rests on elaborate relations of fi peculiar to 
that scale. It is more satisfactory to deduce them from the general 
theory. — Leaving M unknown in Arts. 8 and 10 above, make » = 3, 
which gives but a single M. Drop 2, put m = 1, ;) = 1 with s, but 
p — 2 with t, then from 

c* cos*ap - s = c*M (2 cos*ap - cos a,„^p - cos*ajp^)'| 
and « - c* sin* ap = c*Ar (sin*ajp,^p -f- 8in*agp^ - 2 sin*o^ / ’ 
remembering that a^ = 0 and a„ = you deduce simply 


Js = (1 — M) c* cos*aj 
[< = (1 — M) c* sin*aj. 
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Next differentiate the equations for a and t in Art. 10 before 
assuming any value for 6. They are now only 

f — c* sin*® + ^ ^ = c*M (sin*!; + sin*^ — 2 sin*®) 


c* cos*® 


^*cos''® 




1 s = c^M (2 cos*® — cos*!; — COS^^/r) 


But one suffices ; we need only one more equation. 

In differentiation, the constants a and t will vanish, but the factor 
Jlf will remain. In thus removing t, let <f>„((o) stand for 

sin ® cos ®A(c®). 

Differentiation gives, first, 

A* 

— 2 c* sin ® cos ®(i® + 7 ^-, . 2 sin d cos 0d0 
0/1 

= (?M (2 sin 7) coBrjdi) + 2 sin yfr cos ^Irdyfr — 4 sin ® cos adto). 
But dm :dr} : d^Jr : d6 = A{co>) : A(c!;) : A(ci/r) ; /jtr^A{hd). 
Substitute to eliminate dm, dr), &c. Then 

♦.(«) =■«■(*,(>;) + Uf) - 2*.(®)l. 

From this we determine M by assuming either ® = a or ® = /S [where 
F{ca) = iF.andF(c/3) = |FJ. 

Thus, if ® = a, d = \ir, 0»(^) = O, r) = a^^^=\'ir, <j>fr)) = 0, 

^ = «i-* = - <t>cW = - 0.(a)- 
Hence -^o(«) = -^{-^c(«)“ 20 ,(a)} or M=^. q.e.d. 

Cor. In Legendre s scale-l „ . . . ^ 

[« = §c* sin*^. 


14. We now more easily find G{ca) and Q{cfi). We had 
L—^Cf{mfi) which means 

L = ^Gc* sin /8 sin ® (sin r) — sin y^). 

Let ® = a, d = G(fi, 0) = O, L becomes GG{ca), also r) = \'ir, 
‘Jr=‘ — a, thus 

GG (ca) = ^ (7c* sin /8 sin a (1 + sin a). 

Now sina + cos)8 = 1, eota.cot/3 = b, 

sin /3 =* tan )8 cos /8 = (6"* cot a) (1 — sin a), 

.*. sin iS (1 + sin «) = 6"‘ cot a Xcoa* a). 
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and sin/9.sina(l +8ina)»=6"‘.C08*a. 

Hence G (ca) = J . d* . 6“‘ . co8*a. 

Again, if we make (o=/3, ^ = tt, rj — a^, ain ri = ein a, or sin 
^ = 0, and you obtain G (cfi) = ^ c* sin*/3. 

in general 

nG (ca,) = c* sin a, . 2 . sin a,„ (sin a,^ - sin a,_J}. 
where w = 1, 2, 3. . , . 

Ji 


15. Indeed if instead of the amplitude we write the Mesonome 
after ^ and G, we can here generalize. For we had 

. @ (g-“, = Q . @ @, . . . ; 

@ (x) 


also 


“T = log 


@( 0 )’ 


with k an unknown constant 


*1* ) ■*■ "5;^) + . . . + — k . 

t 

In the other notation “T(a)) +*7(7r — (o) = 0; in this notation then 
"Ic (^) + Ic (tt — a;) = 0. When « = 0, 

1 


, » •n" ^ 27r _ Stt _ n • 

k = l- + 1 — + ^ — + ... + 1 

n n n n 


IT. 


Here the extreme terms destroy one another and when n is odd, we 
see k = 0. But if n is even, there is a middle term X (^) 
i.e. % or -^logft. 


When we differentiate, k vanishes; then 

«jr . 0. <») = c |g, (x) + e. (* + ^) + . . . + G, ^ J . 

if h is related to as c to 

This seems to supersede Legendre’s elegant but laborious result 
when n = 5. 

1 1 

He makes 5un' = 1, m'* = -+-/ — 2. 

/* /i 


His result is 


1 


1 1 
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16. Our work would stand thus. Making n — 5, then observe 
that in s, p=l, and in t, p — while our m in M has the two 
values 1, 2 in each equation. 

Also = sinag = sina^, ao = 0. 

5s 

Thence “a = 2 cos* a^ + 2 cos* 

c 

> • 

^ = 2 sin* a, + 2 sin* 

From these 

= |c*(sin*ai, + sin*aj, 

which with us might seem final. 


17. The nearest approach to generalization for with n any 
odd number, which I here can see, is by 


ns 

^* 


cos* a, + cos* flg + 


nt 


= sin* flg + sin* + 


+ cos* 

+ sio’ «„-i 


remembering that with p as our given chief constant, sin* a, and 
cos* are rapidly calculable by Ch. viii. Also — ^ 

for the left hand we replace its equivalent by 

r(c)-wr(/i) 

where F (c) means G* — 6*) : see VI. 15. 



PART III. 


ELLIPTIC INTEGRALS. 


CHAPTER X. 


On the Third Elliptic Integral. 


Paranome reducible to two Elements. 

1. This treatise opened abruptly, without explaining by what 
process we are led to the three forms called Elliptic Integrals. 
Perhaps the defect ought here to be repaired. We can but follow 
closely in the steps of Legendre. 

In general if Q s= a + / 9 a; + 7a;* + 5 a;* + ea;* and ^ is a rational 
form, the integral j <f> {x, VQ) dx is that from which we start. 
Evidently ^ (a;, VQ) admits of being expressed as either P + R y'Q 

R r 

or, if we please, P where P and R are rational in a;, j Pdx is 

f R 

known in the Elements of the Integral Calculus. Only 
remains to be treated. 

Let Q = (?+ + 2/iia; + va^), 

where, as we know by Algebra, ^rjOXfiv are real, if a /8 7 5 e are all 
real, and the former may be found from the latter, independent of x. 
If then it happen that rj : B = /j, : v, we may simply write »= mB, 
fi = mv, and by assuming y = a; + m, we at once give to Q the form 
(a + %*)(&"+ vy*) free from the term containing y. At this we aim. 

But if >7 : ^ is not —fi : v, assume fry fo assume p 

and q constants such as will make the surd under V an even function 
N. E. 1. 11. 
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of y. By substituting for a, we find that the two coefficients of y 
which we desire to vanish are 

K-\-v(,P + q) + d{pq) = 0’, \ + /4(j) + 9) + i/(pg) = 0. 

By hypothesis y i 6 not = p : v, therefore finite values here result 
for (p + q) and pq. But that these values may be real as well as 
finite, it is further necessary that (p + q)* — 4pq must be positive. 


2. This condition can always be fulfilled. For if the roots of 
Q — 0 are all real (say, a, b, c, e) arrange them so that a — b, b — c, 
c—e may ail be positive, when 

Q = {x — a) {x — b){x — c) (x — e). 

The two equations of condition are now 

jab - + b)(p + q) + pq O') 

\ce - i (c + e) (p + q) + pq = 0} ’ 

from which by mere routine you get 

f P - q V ^ (a-c)(a-e)(b-c)(b-e) 

V 2 / {a + b — c — ey 

positive. Hence p and q are real. 


But if not all four roots of Q be real, either Xv — y? or ^9 — ry or 
both are positive. Suppose Xv — fj? > 0, 

{p-qy={p + qy-4>pq = (p + qy + ^ ^'^^^J'^^"^ , 

or (;> + ? + 2^) A 

positive, — whatever the sign of 1^6 - In every case therefore p 

r JJ/ 

and q are real. Thus our problem is reduced to where O' is 

of the form (a + 6y*)(c + ey*), and R' is rational in y. 


3. Thus without loss of generality we may start anew from 

r JB 

with Q of the form (a + bx’^) (o + ex^). Also we may put 
R = M + Nx, where M, N are even functions of x; and is ob- 

j vy 

/* 71/f 

viously integrable by assuming ai‘ = y. Then only remains.’ 
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JQ)dx TO |- 


VQ ■ 


In all cases we can reduce Q to the form Q' = (1 — 3/*)(l — c^) 
with c*< 1, by one or other of the following assumptions, in all of 
which we suppose p* > 

2 

1. If Q = OT*(1 +pV)(l + (fa?), assume pV= f=p‘o^‘ 

2. If Q = m? (pV - !)(?*«* - 1), assume qx = y"*, g =pc. 

3. If Q = m*(l -pV)(l - gV), let px = y,q=pc. 

4. If Q = m*(l + pV)(l - gV), let 

a;-* = (p* + q^) - p\ and p* = (p* + g*) c*. 

5. If Q = OT*(1 + pV)(«* - y*), let ga;-‘ = V(1 - S^*). 1 +PY = o’*- 

6. If Q = m*(p* - - ?*). let 1 - g=«-* = cV, p’* - g* = p‘^c*. 

[Whenever a; is not rational in y, you must take care to get the true 
surd parts.] 


4. Henceforward then, without loss of generality, we may 

. , n . tBdai 

assume Q = (1 - a?®) (1 - cV) and c®<l, and our problem is j-^ 

with R rational and even as a function of x. Then R has the form 

Soa?®" + 2/3a? + 2 ^ ^ > 

or three separate problems. 

First, to find ^n~J assume V^ — a?’''^fQ. Differentiate 

the last; then, integrate back. It gives 

V„ = (2n - 3) U„_, - {2n - 2)(1 + c®) U„_, + (2n - 1) c® U„, 
Hereby, is reducible to C7„_, and U^_^; and so, working back, we 


at length reach U^ and U, or j 


dx 

VQ 


?Jext, to find , or terms of the type which we 

may call U_^, we work by the last formula back from to and 
and since none of the coefficients can now vanish, we reach 
and tr, as before. For we may substitute U^-c*U^ or 

H-^x* 


u- 


lo'y 1 - 
5. There remains the type 

dx 


af 


. dx. 


/; 


V«.(l+K)’ 


S- 
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Take a larger assumption Q = a + + 7 ^;*, then by making 

a = 1 , /9 = - (1 + c*), 7 = c*, 
we regain the previous special value of Q. 

Put r„, = a: VQ • (1 +pa;*)’". Differentiate ; 

dT^_^ = . (1 +][>a?)~'. {(1 + pa?) Q + 2(1 -r) pa?Q 

+ (1 + pa?) (ffa? + 273 ;^} dx. 

Assume as integral, 

T^, = A.S, + B.S,.,+G.S^_, + I).S,.,. 

Differentiate the last and compare it with the penultimate : 

hence A = (2r — 2)(a — ^p~^ + 7 p"*); 

— B = (2r — 3) (a — 2Bp~' + 'iyp~*) ; 

(7 = (2r — 4) (— /Sp"^ + 37 p“®) ; 

+ D = (2r-5)(7p-*). 

Consequently S, is reducible to and ultimately to S^S^S^. 

In fact, if r= 2 , (7 = 0, is reducible to /S, and S_^. Now 8^ is 
the same thing as of last Article, when a /9 7 are fitly assumed ) 

and 8.,=j(l+p!if)^=U,+pV,. 

Thus the only new and irreducible integral is /S,, or 

t dx f do) 

J (1 +pa?) VQ Jo(l+P sin'w) A (c, to) ’ 

if » = sin to. [But x is better changed to v.] 

6 . Such is our Third Elliptic Integral, which remains to be 
treated. We denote it by 11 (c, to, p). In the reduction of a rational 

fraction to the form -Jr (y) + X . — , p is not always real, 

/(y) ^ 1 +py ^ 

but may be of the form m + n \/— 1 . Such is the case here of p, 

which is called the parameter of the Third integral, which Legendre 

named the Paranome. 

The case of p imaginary he beautifully reduces to two real para- 
meters, as will presently appear. Evidently, when p is positive, the 
integral 11 is always finite; so too, even when p is negative but 
numerically less than 1 . In either case the integral is periodic, as 
was proved in Ch. i. Art. 3. But if p is negative and numerically 
exceeds 1 , the integral becomes infinite when 1 +pa?'= 0 , i.e. before 
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ft) reaches We already see how important to our result will 
be the character of the parameter. A positive parameter we shall 
generally denote by p — co\?'>^, where y{r is a, circular arc; then 

1 + p = coseG*yfr. 

A negative parameter which is less than 1 might be simply — sin*a, 
but it will soon appear that to be numerically less not than 1 only, 
but also than c* is important. To have the form p' = — c* sin*^ is a 
cardinal fact; then 1 +p'=^*{cd). Of course the arcs and 6 are 
either absolutely constant, or in any case independent of our variable 
ft). If sin^ = V— 1 tan-^, p changes to c^tan*-^, su&conjugate to 
cot*i|r or^. 


7. The Complete Paranome is estimated when G) = ^ 7 r, and 
contains two elements only; viz., c the Modulus and p the Para- 
meter. As our first effort was to determine and E^, so here 
our first effort must be to determine Iljp). Happily the skill and 
industry of Legendre has reduced n^(p), when finite, to known 
functions of F{c<ii)) and jE’(cft)), or rather of G(ca>). 


When p is positive, evidently 11 (ccop) is less than F(c(o). The 
difference F(c(i>) — H (cap) is in some formulas prominent. It 

— f psin^ft) da 
~jol +psin*ft) ■ A(co))’ 

and vanishes with p. It may be convenient to denote it by «I> (cap) 
and its complete integral by ^^(p). It hardly needs a name. Of 
course H (cap) = F(ca) — ^ (cap). Presuming F to be known, H 
and <I> are known, each from the other. 


It may be well to begin by redwing to two elements the single 
class of Paranomes which admit of this, viz. those which have a 
parameter of the form p = — c^ sin*0. With modulus e, let 

Fa + F0 = Ff], Fa — F0 = Fk, 
then (Ch. iii. Art. 11), 

(Ga + G0 — Gr)=! c^ sin a aiii0 sin 1 } ] 
iGft) — G0 — Gk = — c* sin a sin 0 sin /ej ’ 
whence 2G0 — (Grf — Gk) = c* sin o) sin 0 (sin g + sin k). 

But (Ch. III. Art. 3) 

sin tf + sin K 


2 sin ft) cos 0 Ad 


1 — o'* sin^o) sin'd ' 
dFt] =: dF ft) =* dFx. 


Let d be constant; 
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Multiply by these and integrate. 


2Ge.F<o=[ Gv.dFfj+l GK.dFK 

Jo Jo 


Otherwise 


= 2 sin ^ cos 6 A6 


L 


c* sin® ft) dFo) 

1 — c® sin*0 sin* ft) ’ 


2G0. Fa, -lv + l'c = 2 cot 0. A0 f ^ . 

G0.Fa,-i(l,f-lK) = -cot0.A0.^(ca,p). 

This reduces 4>, a function of three elements, to G, F and *1, each of 
two elements: but only when p has the form — c*8in*^, or p is 
negative and numerically less than c*. 


No constant of integration was needed: for F, (“li; — n/e), 0 all 
vanish with o). 


Cor. When ft) = ^7r, r)+ k= — 

cot 0 . A0 . (p) = — G0 . F^. 


8. We proceed to Legendre’s reduction of the Imaginary Faraf 
meter. 


Suppose c a given modulus, p and q given parameters, 

V /I — if 

Write V for ^ ^ j--— 7 ^ g , where A is a disposable constant. 
Assume k for another such constant, and by differentiating V you find 

1+4:7® (1 + Ad®)* . (1 - cV) + W (1 - «*) • 

Assume the denominator of the last fraction 


= (1 + p»*)(l + qv*)(l — 

where r is a disposable constant. This assumption implies three 
conditions; but we hold hkr free to fulfil them. To obtain the three 
equations 


first, equate coefficients of if-, then pqr = h^<f, 
next, make if = \-, 

(1 +7)(1 + ?)(! - r) = (1 + A)® . 6®, 
thirdly, make c*t;* = 1 ; 

.•. (c* + p) (c* + q) (r — c*) = 4:6*c®, 


\ 


( 1 ). 
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To solve for hr k, first eliminate r from the two first of this 
triplet. It gives 

(p-‘ + 1 ) (?-‘ + 1 ) {pq - AV) = (1 + hyh\ 

Arrange this last in powers of h, as Ah*+2h*h = B, which yields by 
solving for h, Ah + 6 ® = + \J{AB + h*). 

Here A stands for (p"‘ + 1 ) (g"‘ + 1) c* + ?»*, 
and £ for (1 + p) (1 + 5 ') — fe*. 

Then AB = (p-‘ + l){q-^ + !)(!+ pKl + 9 )V 

- (p"‘ + 1 ) (?"* + 1 ) c*i>* + (1 + p) (1 + q) b* - b\ 

and AB + b*= (1 +p)(l + 5 ') ■ (p“*+ !)(?“* + l)c® + 1!>® 

But since 6 ® = 1 — c*, the quantity in brackets 

= 1 + (p"‘ -h g"*) c“ + c‘p'‘g"‘ or (1 + c®p“’) (1 + c’‘q~'). 

Finally, A5 + &* = (1 + p) (1 + 5 ') (1 + c®p"’) (1 + c® 5 '“‘). 

•This cannot vanish, unless either p or q were = — 1 or — c*. Each 
would be a case of degeneracy, but is here excluded because we are 
about to assign to p and q imaginary forms. Since then AB + b* 
cannot be zero, h has two different finite values (say h and h') from 
the equation Ah + 6 ® = + \/{AB + b*). Then also two values of r 
follow from pqr = A®c®, and finally two values of k from the third 
equation of the triplet ( 1 ). 

9. When p = a + /9\/~l and q = a — B 'd—l, I say, AB + b* is 
positive, making both values of h real. For let 

a = p cos p, B = P sin p, 
p-'r q = 2p COB fi, pg' = a® + ^3* =p®; 

(1 +p) {l+q) = l + 2 pcosp + p*, 
positive. Also p"‘ = p~‘ (cos p — V— 1 sin p), 

q^ = p“‘ (cos p + a/ — 1 sin p), p'* + q^ = 2p“‘ cos p, 
and p"’^”* = p”*, 

(1 + c®p"‘)(l + c®g~‘) = 1 + 2 c®p”* cos fi + c®p"®, 

again positive. Hence the product AB + b* is positive, as was 
asserted. 
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10 . 


We may new* write 


dV i f 

1 + A;r*"t 

dV _ ( 


H + 

H'+ 



M 'HT \ 

dv 

1 

^ 1 + qv* ^ 1 — ri)*] 

vq' 


L' W N' ] dv 
1 +pv* ^ 1 + g'v® 1 — rVj it/Q ’ 


where HLMNH'L'M'N' are constants to be determined by ordinary 
routine, from the great fraction in Art. 8. Write for its nume- 
rator 1 — (2 + ^) V* -I- (1 -I- 2A.) cV — AcV. 


We have (when » = oo ), 


H = 


-hc^^ 

-AW’ 



and similarly 



Next 


L = 


fi^) 


(1 -f qv*) (1 — n^) ' 
taken when v' = —p~^\ that is 


Z = 




(1 - qp-') (1 - rp-') 


or clearing fractions 


j- p^ (2 + A) jj* + (1 -I- 2A) c*p + Ac* 
pip- Q) iP + f') 

From L you get M by exchanging p and q. Exchange p with — r, 
and you get IT. Change A to A', and from LMN you find L'M'N'. 

jj 

Since p=^a + >^—1, -j- must have the form /-f / V~ !• Change 

/9 to — /9 which changes pixi q-, then 

M' 


M 


= /-/V-l. 


L' . 


So long as /8 is not zero, these two results are unequal, or j- is not 

AT 

~ M' 

Write 


known integrals Integrate with v = sin <», the two equations obtained 
above: then 
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H . F (c<w) + i . n {coap) + if jtl (ca>5) 4- (c, a>, — r) —K] 

H’. F (CO)) + L\ n,(ca)i)) + if (cwj) + N'U (c, «, - /) = JT j * 


> 

Here we treat H (c«»p), H (ooig), ati two unknown quantities. We 
determine them by means of ‘the two r Paranomi, in which each r is 


real, being = 


pq 




and since L : L' is not M : M', this process 


never fails. Nothing imaginary enters 


F (co)), n {car) or H (c, a, — r'). 


11. Species of the two new Parameters, — r and — r'. Note first 
that 1 — r, 1 — r' are both positive. For 

(1 + i)* 6* = (1 +/))(! + 9)(1 - r). 

We have .shown that (l+^)(l+9) is positive; so then is (1— r), 
whichever root of h be taken. Next, I say, r — c* and / — c^ are of 
opposite signs. For h hf being real roots of Ah^ + 2Fh — 5 = 0, make 
Ahh' = — B, A {h + h') = — 26*. Now from pqr — h^c* we get 

(r - c*) = (A* - pq) c\ pq (r - c*) = (h'* - pq) c*; 

.• . p^q^ (r — c*) (r' — c*) = (A* — pq) (h'* — pq) c‘ 

= (W - pq . F+T* +pV) c^ 

which again =[{hh' + pqf — {h + h')*pq\ c*. 

Multiply by A* and the right hand becomes 

{(- P + Apqf - Wpq] c*. 

Now B = {l+p){l +q) -F, Apq = {l+p){l + q)c* + b'‘pq, 

-B + Apq = - 6* (1 +^)(1 + j) + 6* (1 -i-pq) = -b*(p + q). 
Hevreby we find 

A*p*f (r — c®) (/ — c®) = {6® (p + qY — Wpq\ c* 

= 6V {p — qf — — b*c * . 4p* sin*/it, 

a negative quantity. Hence r — c* and r' — c* are of opposite signs. 

Thus —r and —r' both negative, are numerically less than 1, and 
lie, the one between 0 and — c®, the other between — c* and — 1. 

In the third equation of condition (Art. 8) k has the same sign 
as T — c*. Hence k and k' have opposite signs. Therefore of the 
integrals KK' one is found by circular arcs, the other by logarithms. 
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12. Reciprocal Parameters. It was not necessary in Art. 8 to 
assume p and q imaginary. If p alone were given, we might make 
one arbitrary assumption, having only three equations to satisfy with 
qrhk. Assume then ^ = — 1, 1+A = 0. 


This makes r=l, pq = c*, a matter of cardinal importance. We 
then call p and q Reciprocal Parameters. Hence 

(c“ + p)(c’‘ + g') = A:c* 

in the third equation since r — c* = 1 — c® = 6*. Also kc^ = kpq, 

/ip? = (c®+p)(c^ + q), 

and k = (c*p"* + l)(cV* +!)=(?+ l)(i’ + !)• 

The differential equation now becomes 

dV _ 1 — cV dv 

1 + jfcF''* ""(I +p«)*Xl + q'>^) 

since the numerator (when h = — 1) becomes 1 — v* — + cV and 

has (1— t)*) as a factor, which is cancelled now by 1— ru* in the 
denominator, since r = 1. Also 

1 — pqv* _ 1 1 

(1 + pv‘0(i v^) “ i+pv^ 

Hence by integration, 

r dV 

Jo 1 + A;"F^ "" ^ ^ ^ 

where A: = (l+p)(l + g'), 


and 


pq = c^V = 


tan 0 ) 
A (cctf) 


since /i = — 


1 . 


The integration on the left varies with the sign of k. 


Cor. If we make p = q, we have either p = c or p = — c. In 
either case we obtain the value of the Paranome: that is, both of 
n (cft)c) and of H (c, a>, — c). 


13. Conjugate Parameters- In the last, instead of assuming 
h — — \, assume q = 0. Then since 

pqr = AV, h = 0 and (1 +p) (1 — r) = 6* 
in the 2nd equation of the triplet (1). 

Parameters p, p, so related that (1 +p) (1 +po) = 6* are called 
Conjugate. One or both must be negative, as here Po= —r, for if 
both were positive, 6* would exceed 1, and c become imaginary. 
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If — r havp the form — c* sin* Q, 

Here, xi Q are Conjugate arcs reformed to modulus c, we have 

l+i) = A*(cn 

or p = — c^ sin* 

Thus p is negative as well as — r, and we see the propriety of calling 
the parameters Conjugate. 

From (1 + p) (1 — r) = 6* = 1 — c*, 

we have p — r=pr — c\ 

Also since 1 — r = zr — — , 

1+p 

6* c*+p 

r = 1 ^ 

i+p i+p 

If p = — To, negative as well as — r, 1 — r and 1 — must have 
the same sign. When both are negative, call them — cot* 6 and 
-•cot* >/r, cot 0 . cot a/t = 6, or 'ip' = Also 

r = cosec* 6, = cosec* 0^. 

When both are positive, the equation 

^ _ c* — 

shows that Tq is less than c*, so that — has the form — c* sin* 6, the 
case already treated ; which gives —r = —c‘ sin* But if p is 
positive, its conjugate must be negative. Put p = cot*-^, 

1 + p = cosec* 

and 1 — r = 6* sin* 

r = A* (b-<^), 

with analogy to conjugate arcs. 

14. Equation of Conjugate Paranomes. Since we made j = 0 in 
Art. 13, the equation in Art. 8 which determines k is 

Pk = (p + c*) (r — c*). 

Otherwise Pk=pr — c*(p — r) — c*, 

and since pr — c* =p — r (in last Art.) 

Pk =pr — c* (pr — c*) — c* = (1 — c‘)pr = Ppr, 
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SO that k now =pr. Further, put (for the case oi q = 0 and h = 0) 
dV l-2t;* + cV L . R 

7-e or «\ "r 1 , 2 • 


l+ibF' (l+j)t;’')(l-rV) ^ 1-rv' 

- 

Make t; = oo , 


H - 


—pr 


Again multiply by 1 — r«*, then make v* = r"‘ ; which gives 

1— 2r“*+ cV“* 


R = 


1 +pr"‘ 


But 


P = [since (1 + p) (1 - r) = 6*], 


1 + pr~‘ = 1 4 


1 — r 

1 — cV~‘ 2 — r — cV”‘ 


1 — r 


1 — r 

_ — (r — 24- cV"*) _ 1 — 2r“‘ 4- cV"* ^ 
~ 1 — r ~ 1 — r"* ’ 


so that jR = 1 — r“‘, also Z = 1 4-p"‘; by changing — r to p. 

„ dV _ /I 1 ~ c*\ dv 

ence 1 + pr F* ~ \1 -I- p«® 1 — rr* pr) VQ ’ 


+prF'‘ \.l-l-p«' 
in which ^ a / t~ — v's = si 

V 1 — ov 

since h=0. Finally 
dV _l+p 


sin 0 ) sm &> , 


, U{ca>p)-)—^U{c,a,,-r)-^.F{cco). 

QX+pr.V p \ x'/ ^ ^ ' pr ^ ' 


u 


lo. Addition of Paranomic Integrals. An integral 

f <b (o)) . dF (cw) 

Jo 

is here called Paranomic, if ^ is a function rational in sin® a>. If / (w) 
he such an Integral, Legendre demonstrates as follows that 

c-ZW +/<«)-/(>)) 

is expressible by circular arcs or logarithms, when 
. F (cca) 4- F {c6) — F (eg). 

Proof. Let g be constant. Write 

r = sin* 0 ) 4 - sin* 0, 8 = sino)sin^. 

.•. V (r* — 4s*) = sin* eo — sin* 6. 
dFta + dF0 — 0, dF0 = — dFa, 
dll = dfo) + df0 = («^o) — ^0) . dFta. 


Now 
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But if <f>(u be rational in sin*®, which 

= ir + i \/(r* - 4s*), 

^® is expressible by R + S J{r* — 4s*) 4 , 

where R and S are rational in r and s. Now to exchange ® with 6 
does but alter the sign of V before r* — 4s*, whence 

<^0 = J2-/SV(r*-4.v*) 
with the same values of R and S, and 

<f>a>-<j>d= 28 s/(r* - 4s*) = 28 . (sin* ® - sin* 6), 
dU=2S. (sin* ® — sin* 6) dFco. 

Now we had c*d (sin ® sin 0 sin »;) in the addition of Epinomes 
(Ch. III. Art. 11) = dEco + dEd, or 

c* . sin rj.ds = A®(f® + ^6d^ = A*®. dF(i>+ ^ddFd 

= (A*® — A*^) dF<a = — c® (sin* ® — sin* 6) dFa, 

. •. &mr].ds = — (sin* ® — sin* 6) dFa, 
whence dU= — 28. sin rj .ds, 

.•. U = — 2 sin Tfj8ds. 

But by Euler’s Integrals Ch. III. Art. 2, 

cos If = cos ® cos d — s. Ai;, 

.•. (cos Tf + sA?;)* = cos® ®cos* 0 = (1 — sin* ®) (1 — sin* 0) = 1 — 7’ + s®. 
Hence r = sin* rj — 2s cos t; At; + c*s* sin® t;, 

and r is rational in s. But 8 is rational in r and s, therefore also 

in s alone. Consequently j8ds is obtainable by circular arcs or 
logarithms. Q. E. D. 

16. To apply this to the Paranome, let 
^ (®) = (1 + jp sin* ®)"‘, 
r® — 4s® = z, sin* ® = (r + i 

l + 'pr + \p‘ (t’* — z) ’ 


whence 
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where J (r* — z) in denominator = s* ; 

jrr o • faj P sini? . d$ 

dt/ =-2sm«. = 

J 1 +pr+_pV 

Let ^ = sin j;, H= cos 17 . Arj, 

r = sin* 7 } — 2 s cos 17A17 + cV sin* t) 
= h^- 2 Hs + c-‘hV. 

Substitute this in dU, 

jj_ f phds 

jo(l +pA*) — 2.^5 + (p* +^c*/t*) s* ’ 


[/= 


manifestly integrable. 

17. Nevertheless we have two cases. First, let the last denomi- 
nator have no real factor. In that case we may assume 

a = 1 + ph\ /8 = p* -t- pc*A*, 
and at* = /S«*, at cos 7 = lips. 


rpu « -Hp 

Then cos 7 = . - = , . , 

« t V(a/ 3 ) 

hptJT 

if ff*p* + A*p*T = a/9 = (1 pA®) (p® -j 7 pc*A*). 

Also .ff * = cos* p . A*p = (1 — ^*) (1 — c*A*). 

Hence you get by routine, 

r = 1 +p + c*p"‘ + c* = (1 +p) (1 4 - c*p“‘) = (1 +p) (1 -I- q), 
if pg = c*, or p 5' be Reciprocal Parameters. 


We have now, since ds = • dt, 

jj_ ph f dt 

"”V(a) 3 ) ' iol — 2tco! 


We had 


whence 


77 _ M f 

"”V(«)3) ' iol — 2tcos7-|-t* 
Ap VT = V(®/9) sin 7 , 

Ap _ sin 7 

VW)~W’ 

V7’. tan-‘ . ) 

\1 — t cos 7/ 


This completes the integration, but we wish to replace t and 7 by the 
given quantities. 
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i A 

hp \JT shp V T 

vv « / 

■ V(«^) « 

— t cos 7 = 

1 

a ’ 

t sin 7 

_ tjT .hps 


1 — i cos 7 a — Hps * 

Again, we had cos 17 =cos ©cos 0 — 8. At; in Art. 15 . Multiply it by 
p cos 77, .•. p(\ —l^)=p cos cocos B cos 7 ) — psH, 

also a = 1 + ph*, 

so that a — Hps = (1 + 4- {p — —p cos co cos 6 cos 77 

= (1 + p) — /> cos 0) cos 6 cos 77. 

,, rr J. -t V 7 ’-i>siu “Sm 08in77 

1 + 7) (1 — cos ft) cos 0 cos 7?) 


in which 
and 


+ p{l 

u = lift) + n0 — 1177, 

T=(i+p)(i+cy^) 


18 . Next, in reverse, suppose the denominator closing Art. 16 
to have real factors. Denote them by (1 — gs) (1 —js). Then p h 
in the numerator being free forms, we may assume M an unknown 
constant, and write 

IT = M.I =M. fL-— - 

J o(l - gs) (1 -js) J [I -gs 1 -ysj 

= if . log . 

^1-gs 


Then (1 + pk‘) (1-g+J.si- gjs‘) 

must be identified with the previous denominator, and 

(1 + ph*) (g +j) = 2 Hp, 
il+ph^)gj=p‘+pc*h\ 

M. (1 +pK‘){g-j)=ph; 

three equations to determine g j M, Remember that 

^*«=(l-A*)(l-c*A*). 
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Put 

q = c*p-\ 


p* + pc*he = /)*(! + qhe). 

Then 

( 9 +J) {l+phy 

and 

1 +phe • 


Observe that 


(1 + pie) (1 + qie) - (1 - he) (1 - c%^) = (1 + j) + ? + c*) ie 

= {\^p){\+q)h^ = Th\ 


Hence 


2j)W(- y). 

^ ^ i+ph* ^ 


M = 


1 

2 V- 7 ” 


or 


V-2’.C^=ilog 


1 —j sin ft) sin 6 
1 — ^ sin ft) sin ^ ’ 


Since g+j and g—j are both known, g and j can be found in terms 
of p and h, or say h p q and \/—T. The only point of interest to us 
is that T must be negative, when the integral is found by logarithms, 
and positive for circular arcs. 

. TJ is obtained in the one case, V— T . U in the other. 


[To complete the work : 

p{H-\-h^/-T) 

1+phe 

. p(E-h>^-T) 

^ 1 + ph* 

Observe that the fraction after log becomes 

(1 +phe) — ps (H— h \/— T) \ ■\-p{he — Hs) phs tj — T 
(1 +^A*)— V— T) \ +p{he — Hs) — phs —T‘ 


Now by Euler’s Integrals 

cos 1? = cos 0) cos 0 — sin ft) sin 
.’. cos ft) cos 6 = cos ij + Arf.s, 

whence cos t) cos <» cos ^ = cos* 4 - cos 17 . Aij . s = 1 — ^* + Hs, 
he — Hs = 1 — cos 17 cos ft) cos 6 , 
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Thus the final result is 
V— T . (n® + — IIij} 

n 1 +p(l — cosmcos^cos vj) +p8in®sin^sm7? T 
^ ° 1 +p (1 — cos ® cos 0 cos rj) —p sin ® sin 6 sin r) V— T ‘ 

When 7} = ^TT, a> and 0 are conjugate, cos = 0, but the equation is 
still cumbrous.] 


19. The function T= (1 +p) (1 + c*p“‘) may be called Diacritic 
of parameters. It separates them into two classes. When'T is 
positive, Legendre entitles the parameter circula/r, because its Para- 
nome depends on circular arcs ; when T is negative, he entitles the 
parameter logarithmic. When p is of the form 
— c* sin* 6, 1 ^p = A® (fid), 

c*p“‘ = — cosec* 0, 1 + c®p"* = — cot* 0^ 

T or T (p) = — cot* 0 . A* {c0), 

a negative quantity. 

Looking back to Art. 7 in which «!> (cap) was reduced to 1, G and 
F when p = — c® sin® 0, it will be observed that 4> is there multiplied 
by cot 0 .A0 or ^/— T, so that the integral reduced is virtually 
V— T . 4>. It is, we see, a condition that T be negative. 


If p be negative but numerically > 1, we denote it by p=— cosec* 

In that case there is no complete function n^, for 1 +p sin*® becomes 
zero and II infinite, before ® reaches But when p = — cosec* 0, 
its reciprocal is p'= — c*sin*0, and by the equation of Art. 12 II (p) 
can be found from II (p'), which latter is reducible to 1. Moreover 
in Art. 12 the k on the left hand is our Diacritic T, and to integrate 
r dV 

J first multiply by ^k, thus adding the factor *J—T 

before II (since T is here negative). 2’=(1 +p)(l d-g), and is the 
same for each Reciprocal parameter. Thus again we find nJ—T.Tl 
to be the function dealt with. 


When p is positive, so is q. We may then put 
p = cot^yp", q = c* tan*-^. 

Also T — cosec®^ (1 + c* tan®i|r) 

a*_i_ cos*'>/>‘ + Fsin^yfr 1 1 — fe* sin*'^ _ 1 

sin®-^ ‘ co3*y/r “sin*'^* coB^yfr ~~ sin* yff 
if yjr^ he a auftconjugate arc to i.e. if F{hp) +F{byp•^) = F^. 


N. E. I. 


• n ^ 


» 
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N.B. In this treatise arcs are so distinguished: 

F {cm) + F (co)®) = JP.; F(boi>) + F (few,) = F„. 


sina)“ 


cos ft) 


'am 

sin ft)# = ^ sub-conjugate. 

is often convenient. 


From 
we deduce 

The formula JT^ . , . — ^ , 

sin y . sin rfr^ 

Finally, if p' is between — c* and — 1, we may assume for it 
— p' = 1 — 6® sin*-^, so that 

l+_p' = 6®sin*i^, -?'=^r^ = A®(6V^,), l-H g' = 6* sin*i/r„ 

T' = b*. sin*'<|r . sin®i/r^ positive, and \/T' = 6* sin yjr . sin 
It will be remarked that \/T. ^JT' here make 6®, when the p of T is 
cot®i|r, and the p’ of T is — A*(6)^). 


20. If jp = cot®'^, g = c* tan* yfr = cot*-^#. 

Further, by Art. 13, if — r is conjugate to p, 

„ c* + » c* + c*tan®i/r c*sin*)k 

"=rii;=T+ci>t> 

It follows that if — r' is conjugate to g, .'. r' = /^’‘(byjrj. Also 


A(6f).A(6f,) = c, 

because are subcohjugate : hence rr'= c® and rr' are Reciprocals. 
Thus in this class of parameters we find the Conjugates of Reciprocals 
to be Reciprocals, and the Reciprocals of Conjugates to be Conjugate. 
But the same is easily proved true of the opposite class, in which 


p = — c* sin®0, g = — cosec*^. 


again 


+ p _ (? — c' sin® 6 
1-fp 1 — c*8in®^ 

g + c® _ 1 — c*sin®^ 
^ g + 1 ~ 1 — sin*0 


c®cos®^ 
A*(c0) “ 

A®(c^) 


c®sin*^; 

1 


cos®0 sin®^’ 


whence rr' = c®, as before. 


We had i^-T=coid.M from p = - c* sin® From p'=-c®sin®^ 
(conjugate to the former) we have similarly V- 7’'=cot0®. A0*. 

Hence ^j{TT') = cot 0 . cot ^ . A^ . A0*. 
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But cot 6 . cot ff^=b, and . A^" = b; TT' — b*, 

as in the other class of parameters. 

The Diacritic so uniformly attends the Paranome H as a factor 
prefixed, that it is expedient to regard ^/T. IT as the function under 
treatment. I call it, the Hypernomk When T is negative, the 
Paranome is superseded by *1, and is merely an occasional Auxiliary. 
When T . II are written together, they are understood to have the 
same parameter. 

21. In Article 7 above, having 

p = — c‘ sin*^ and T = — cot ^ A (cd), 
we restore to <1> its value .P — IT, and obtain 

V - T. (i^Cco)) - n (C6)p)) = - "I*) ~ 00 . Fto. 

Let ®=|^7r. 

Then for the Complete Hypernome, 

^-TIF,-UXp)}=^-O0.F,; 

I 

n. now exceeding F^ (1). 

This formula is now an aid to find IT, when the parameter is 
circular. For since it has been attained by finite integration, it will 
not be vitiated by assigning to 0 an imaginary form a ±^n/—l. 

22. Complete Hypernome with positive parameter. In the last 

make sin 0 = V — 1 tan then 

p = — c‘ sin*^ = c“ tan’‘‘\lr^ = cot*i/r. 

We must pass from Nomiscus G to Antinomiscus J, as in Ch. li. 
§ 6, Art. 2, 

• G {c0) = V- 1 {tan A {bf,) 

For tj— T we have only to write ±i>/—l.i\/T. Then we find 

± V- 1 . vy {^0 - n,(i))} = - v'- 1 {tan to . A(6t«) - /(^to)} 

When b is very small, 

^ = 1-^6* sin* to > and J (byjr^) = (1 - i 6*) sin to. 

while tan is positive and may be of .any magnitude. This relieves 
doubt as to ± , and gives us, when p = cot* t> 

VT . {F, - n,(;))} =; {tan to • - J (^to)) (2). 

* 12—2 
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Now 

if r is conjugate to p. 

But we naturally desire to have, the right member in functions of 
yfr. From Ch. ll. § 6, Art. 3, 

J (byft) + J (b^lrj — J^ = b' sin ^ sin 


Indeed 




First, eliminating J (byp-^) from equation (2) the right hand becomes 
tan yfr^ . A(byJrJ .F^ + J (by]r) F sin . sin yjr^ . F^. 

For a moment write 

u = tan y/r ^ . A (byp-J - 6® sin sin yp-^. 

Eemove yp'^. Then 

COtilr 0 12 • , cosyp 

or « = ll-6’sm’V'I=cot-f .A(6t), 

a/T. {F,-nXp)} = {cotyp' .A(byp‘) + J (byp')} |7r...(3). 


Again, since 


VT= . /■ , , 

sin yp sin yp^ 


we can combine j^T — tan yp ^ . A (byp^) in equation (2). It becomes 

A (byp ,) _J A(byp,)sinyp^ 

coayp^ ' sinyp^ cosyp^, 

- — ^ |i _ sin®>/r,} = A(byp„) . cot ypo, 

COS . sm ^ ^ V r U/ r o 

.'. VT. n.(2?) = {A (byp„) cot fo + ^ (^V"o)} • F„ (4f) 




if — r is conjugate to p. To remember these formulas is arduous. 

Unless b is near to 1, we may calculate 0{byp^), with p related to 
6j as /J to Cj and Mesonome y for G and yp^ from 

+ tCh. v.... Art 8], 
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and thence obtain 


J {hf^) = 0 ,) + f . [Ch. II. § 6, Art. 2.] 

Then, knowing J (b^jr^), we obtain 

If b is near to 1, we may calculate BJ (b'^^ from the formula for 
GJ (cft)) in Ch. iv. § 9, Art. 5, Lagrange’s scale used in reversed order. 
For another approximation to G .J (by^^) when b is large, see Art 16 
in close of Ch. viii. 

23. Gomplete Hypemome with parameter circular but negative. 
We must reduce this by the general equation of Conjugate Para- 
nomes, in Art 14. Multiply it by V {pr). Observe that 

1±P^1+P Jr=.'L±P /£!±P 

p Jp Vp ■ V l + i> 

= VT-i^ n/^ + 1 = V2’. (p). 

1— .->* 1 — /\ » (J® 

Similarly ^(pr) = 

= V(1 — r) s/l — cV"‘ = \/T (— r). 
Thus the equation of Conjugate Hypemomes becomes 

f ^J{pr) .dV 

Jol+pr. 7“’ 


.Similarly \J{pr) 


]^l+pr. 7“’ 

or tan“‘ {\fpr .V) = »JT .TL (cap) — \/Tn. (ca> — r) 


V = sin (0 sin w". 

= ^7r, .'. tt)* = 0, 7=0, 


V(pr) 


.F(ca}), 


VTnjp)-^TnA-r) = ^^-yF,. 


But we had VT. n„(;,)= |^+ 

.-. ^T.nj-r) = J(b^lrJ.F,. 

This result is unexpectedly simple. 

24. Reciprocal Hypernomes, In Art. 12 the 
A; = (l+p)(l + q) = T and 
Multiply the Reciprocal equation by ^/T, 


in which 
Make 
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tan"‘(V3’. F) = n {coup) + ^JTTl (cmq) - sfT. F {c(o). 

Also when at = Jtt, F= « , 

tan“‘(v'2’. F) = tan“‘(oo ) = 
so for the Complete Hypemomes 

vr{n.(p) + n.(5)-F4=j,r. 

25. Complete Hypemomes may also be developed in series. 

As a guide, take first the parameter = — c*sin®0, and from c0 
form as in Lagrange’s scale c^6^c^6p^$g.... Then we have 
V- T. {n„(p) - FJ = K. G{ce) = iTT . C(? ice). 

But we know that 

CG (ce) = OjCj sin 6^ + sin 6^ + Gp^ sin Sd^ + &c. (§ 9, Art. 2). 
Assume Pn~~ sin®^„, 

.*. ^—T{nXp)—F^} = i'7r. {G^»/ —p^ + G^^/—p^ + Gg»/ — p^ + &Dc.]. 

Transform by putting sin ^ = V~ 1 fan ylr^. \/—T changes as before 

to - V- 1 . s/T. 

tJT [F^ — n^Cjp)} = Jtt [G^ \/i>, + Cj VPa + Cj VPs + 
for positive parameter. 

■ But the law of pPiP^p^-’- must now be calculated as in the scale 
of Gauss, and if our object is simply to develop in series, we need not 
concern ourselves with any but p. 


dw 

A(^)’ 


26. Begin anew with p — — (f sin®^. Let 

M = l±P.4.»or = f' 

p Jo l+psino) 

with (1 +p) positive. Then 

pilf= (1 +^){j;- n„(;))}, 
and we had nj —T .ijl^.p — F^ = F^.Gd. 

Here V ~ 2’ = cot 0 . A {cB). 

Therefore F^ . G {cO) = V— T . j .M—coi 0AO . , jf 


+ pj 
c* sin e . cos 0 


A0 


M=(l-b)sin0,.M. 


When c0 changes to Cj^,, let AT become M^, then with 
i'rrG.Gic0) = il-b)8m0^.M 
C,® sin cos . , n m / 

('’A)- 


you have 



COMPLETE HYPERNOME IN SERIES, WHEN j) = - C* sin* 1^8 


We know that GO (c0) — Gfi (c,^,) = sin 6^. 

Hence (1 — 6) sin = Jtt. (7jC,sin 


Divide by 


(7(1 — 6) sin = 2(7jCj sin 0,, 
M c^ cos 6^ -^1 _ 1 _ 


We form the series WjXjXj... from^ through 6 from 

which is to entail sin X,„ = . 


Then 


. c cos 6 . c„ cos 6^ 

cos \ = - r -, a \ 7 cos V = v - / ~ - A \ • 

A(c^)’ » A(cA) 


Now in Lagrange’s scale 

(l + 6)c,cos^, = A- A" and (1 + 6) A, = A + A®, 


Hence 


From this again 


c, cos _ A — A® 

“A + A®’ 

But we had cos . 

■a ^ A-A® 

Hence cos = -r r « . 

‘ A + A® 

„ . 1— cos\, A® 6 

From this again = = — = -j-j 

® l + cos\ A A* 

or tanJ\j = ^. 

But sin\ = -^, tan^X 

• A * yo 

I presume that this beautiful adaptation is from the genius of 
Legendre. 

We have now Jtt+^cosXj.’^', 

as an equation of reduction. It at once gives 

M 

•^ = iw + J cos \ {^TT + i cos {Jtt + J cos Xg {Jtt + &c., 
or M-\'nG. (1 + ^cosX, + JcosX,cosXg + icosX,cosXg + cosXg + &a. ^ 
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27. The last has been deduced from the hypothesis j) = - c* sin*0. 
But, provided that we rightly determine X, it will hold with a positive 

parameter. Instead of sin \ = ’ 

where A {c6) or ^(1 - c* sin*^) = \/(l 

.h 


we have only to take sin X = 


V(1 +p) 


and then form the series 


sin X 


Since the 


XjXjXj... by the same law as before, viz. tan jXj: 

»y V 

series bbfi^... rapidly tends to 1, the series XXjX^... tends to 90®, as 
cos \ cos \ rapidly diminish. If b were actually 1, we might have 

X = 90®, X, = 90®. 

If p = cot^y^, sin X = 6 sin yfr. 

Ai TT / \ n /’*" ?>sin*^ da) p ,, 

Also n„ {p) -F^= tr-i- ^ . M, 

^ Jo l+j>sin p A (cm) l+/> 

Thence U^p =F^ + i 

X ‘Tjf' 

= ^irC |l + (1 + i cos X, + i cos X, . cos Xj + ^ . &c.)| . 


28. This seems to close all that can be attained in the Paranome 
while our formulas ultimately exact two elements only. While m 
remains indefinite, and the parameter is of the circular class, the 
Paranome remains a function of three independent elements. But 
the fluctuating part by which it exceeds the Complete Paranome 
n„ (p) may be reduced to a small and intelligible state. 



CHAPTER XI. 
Paranome. 


Second Part 

Three Independent Elements. 


1. Paranomiscus. As we invented the Nomiscus as a fluctuat- 
ing element by which the Epinome differs from a multiple of 
similarly we devise a function P(c(op) as Paranomiscus, which we 


define by P = 11 



This evidently vanishes at every complete 


quadrant : for if ® = n . ^ ir, F—n.F^ and 11 = « . n„ 


p = n.n„ 




. nF^ = zero. 


Knowing P we shall deduce the indefinite integral H from 

P + ^ . P ; and it is presumed that the fluctuating function P, lying 

within narrow limits, will be easier of calculation than IT. It will 
follow, to call \/TP the Hypernomiscus. Evidently 

P (WTT + ©) = P (ft>), 


whatever c and p may be. 


2. Case of p infinitesimal. When jt) = 0, n=Pand n^=P„. 
Evidently therefore P vanishes with p. But this is not obvious con- 
cerning the Hypernomiscus ^Tll\ for from p = 0, we deduce T 

infinite and H zero. In fact T=(l +p) ^1 ^ which converges to 
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SPECIAL CASE OP p ZERO OR INFINITE 


Observe that when p is very small 

(1 +JP sin*®)"^ ss 1 sin*®, 


Make 


TT r /I . . . ct® CT /■ sin ®ct® 

F 

Multiply this by and subtract from the penultimate, 

= i.e.p=|.(?, 

when p is infinitesimal. Multiply by 


then 


vp=vi+p.i + cy‘ 

VPP = Vl+p.j^*.^-^> 


which vanishes with ^fp though more slowly than does P. Herein, 
p may be of either sign. 


3. Case of p positive and infinite. Evidently (fi+p sin*®)“‘ then 
vanishes; so then does H and P. But t^jT being then infinite, 
further inquiry is needed concerning VPII and *JTP. Since 

(1 +^>sin*®)“‘ 

is zero, when p is positive and infinite the integral receives no acces- 
sion after ® has become sensible. When ® is infinitesimal, sin ® = ®, 

and A (c®) = 1 ; (1 +p)(l + c*^~‘) is = 1 + ^ 

r rJ 

therefore nJTVl =J \/p . = tan~* (\/j?®), 

which as soon as ® is sensible, becomes tan"’ (oo ) = J-tt, if p is positive 
and infinite. Thus ^/TU. (ccop) = Jtt, whatever the finite value of ® 
and c. 

Since then also = Itt, it follows that 

when p is positive and infinite. 
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4. Reciprocal Hypemomisd. In Art. 24 of last Chapter we had 
for Reciprocal Hypernomes 

i\/Tn (ccop) + V Tn (ccoq) — i\/T.F (ca>) = tan"‘ = (say) 

and when <» = Jtt, 

(p) + vTn. (q) -sjT.F,= iTT. 

(Observe that Jtt . -« = mesonome x,) 

c 

F 

Mnltiply the last by ^ and subtract from the penultimate ; then 

cap) + \/TP 
tan ^ = VT’. 


\/TP {cap) + \/TP (cwg) = ^ — 
tancu 


A (cw) ’ 
p = cot*^/^, q = c*tan®'^, 


sm y . sin 


tan a 


sin CD 


COSO) 


A (co)) COS 0 ) A (co)) 6 cos o) ■ 


Here we have 
But if 

Also 

Thus ^ - • J— • 

sin ^ sin ■f'g 0 cos a 

With r = A®(6i|r), —r will be the parameter conjugate to p. Write 

2 g 

H for aJTP {cap), H for >JTP (coig), fl for sJTP{c, a, — r). Then the 
equation of this article is 

2 0 
O + fl + « = ^ or cot {fl + 12 + a:| = cot 

b cos a 


tan f = — 


COSO) 


that is 


cot (fl + 12 + a;} = sin i/r . sin ')|r^ . 


COSO) 


5. Conjugate Hypemomisd. For Conjugate Paranomes we had 
in Art. 14 of Ch. x.. 

c* p. ^ f dV 
pr’ iol+jpr.F*’ 


1 +p 


1 — r 


. n {cap) - . n (co), - r) - ^ . F{ca) 


p ' * ' r 
where F= sin o) . sin o)®, and in Art. 23 we found that 

V(pr) (p*‘ + 1) = Vr {p), VCf*) - 1) = Vr (- r). 


When o, = ^,r, ^.n,(p). 


— .n.(-r)--.j;=o, 

r pr ” 


[for , -r . tan‘‘ V vanishes with V, with o)® 

v(/>r) 
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Multiply the former by Jpr, the latter by \/{pr) . and subtract: 
then i\/TP {cap) — /sJT.P {ca, — r) = tan"* {Jpr . sin o) . sin eo®), 
or 11 — H = tan"* {Jpr . sin a sin o>®), 

i 

tan (H — 11) = ^ . sin a . sin o)®; 

^ ' cos-«/rj • 


since 


'\/{pr) = cot y/r . A {byfr) ■■ 


c cosyir 
cosylr^ ' 


The comparison of the right-hand member here with that of the 
preceding article, is very suggestive, 

6. Between the results of the two last Articles we may eliminate 
11 as follows. 

p ^-1 _ ^ (c®) sin y{r cos _ A (byfr) sin a cos a 

~ tana ’ A (bylr) ’ tan ylr ’ A(ca) ’ 


, _ A (bylr) sin a 
A {ca) sin y{r ’ 


then 


/= 


h 


, g = hcos acosyjr; 


cos ft) cos yfr ' 

2 

ll-f-ll-h« = ^ = tan"* .y, 

3 

[11—11 = tan"* . g. 

Hence H + H + a; = tan"*/ — tan"* g = tan"* . ^ . 

But f—g= /(I — cos*® cos^yfr) ; 1 +/g = 1 + 

_ A® {ca) sin^ylr -j- A’‘{^yjr) sin*® _ sin*® -f- sin*-^ — sin*® sin*-^ 
A*(c®) .sin* 3^ A*(c®) . sin®^ 

Here the numerator 

= 1 - (1 — sin*®)(l — sin*^) = 1 - cos*® cos*^, 
which cancels with /— p, 


Finally 


r AS/ \ • »i A(c®) Aiby/r) 
.*. f-4- = /. A*(c®) Sin*-«!r = \ ' . — Vv ■ 

1 +.^ ^ cot ® cot 


tan (h + n + = 25^, . . 

1 + cot CD cot sin CD® sm 






2 S 


Thus out of HUH we may select the one most convenient to 
calculate, and from it deduce either of the others. 
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7 . We found in Ch. x. Art. 17, that when Fa> + F0 = Fri, we 
have 

p sin© sin 0 sin 17 

WO — XIp) =tan ^. 7 —; — ^ r, 

^ ^ " 1 + p (1 — cos © cos a cos 17) 

.*. >JT ( 11 © + n©* - IT,) = tan“‘ . . p sin © sin ©®| . 

Let i7 = ^7r, cosp = 0* sin 77 = 1, 6 = uP. 

1 + p tan Y cos Yo ' 

Therefore the last on the right 


= tan" 


jc cos yjr 
coS’yfr^ 


. sin © sm © 


which in Art. 5 we found to be 11 — fi. 


n. 


Since Fq) + Fco^ — F^ = Q, .*. {Fa + Fa’^ — F^) — 0 . 

-Pc 

Subtract this from the left-hand member of the preceding; then, 
observing that 'n.{a) — F{a)^° = P {a), 


you find 


<s/T. P {cap) -f- >JTP (c©®p) = 12 - n. 


But 12 is nothing but »JTP{cap), therefore W = — \/TP {ca^p), and 
s 

the elements of 12 are c© and — r. Thus we may change the nega- 
tive parameter — r into p its conjugate, if at the same time we change 
a into — ®*. Or conversely. 

8. From the general value of 

»/T{lla -1- — lip), when Fa + F 6 = Ft), 

if you subtract i^T . {Fa -f- F 6 — Ft}) . = zero, 

c 

and if also are related to Or) as 12 to ©, yo.u deduce 
{Pa + P 0 - Pa) = (n© -1- - Hp), 

an arc of which we know the tangent. 


/. tan (12 + @ — JET) 


<\/T . p sin © sin 0 sin p 
1 +p (1 — cos a cos 6 cos p) ’ 



190 PECULIARITY OF THE LOGARITHMIC BTPERNOMISCUS 


9. Commutation of Logarithmic Hgpemomisci. Recur to -the 
case of^ = — c* sm®0 and deduce the Hypernomiscus. We have 

V— r. = cot 0 . A (cd), 

■whence 

V- {n (cayp) - F (ca))| = Q (c9) . F (ca,) - ^ {1 (ci?) - *1 

. » (Fa + F& — 

[F(o-Fd = FK]' 

Make a^iTT, s/-T{U,{p)-K] = Gice).K, 

as in Cor. to Art. 7, Ch. x. 

Multiply the last by — , and subtract from the penultimate, 

■^c 

.-. V- T. P (cap) = {ck) - “T (cv)}. 

To exchange o> and 6 leaves g unchanged, and does but change k 
into — K, without any effect upon 1 (ck), since 1 is an even function. 
Therefore T.P{cap) remains unchanged, if we commute a> and $, 
i.e., if we take 6 for the amplitude and — c*sin*et) for the parameter. 
This will presently suggest Commutation in the case of circular 
parameters. 


10. The last Article may also he exhibited in series of the 
Mesonomes, since we have Ch. viii. Art. 8, 




1 — cos 2x 
Sin 2p 


1 — cos 4aj 
2 Sin 4p 


1 — cos 6x 
3 Sin Qp 


"h &C. 


Write rj and k separately in this formula for a (c and p remaining 
unchanged); then the Mesonome x must be changed to x + t for 
amplitude i) and to x — t for amplitude «, if t is the Mesonome to 
amplitude 6. Hence ' 


-V-2’.P(ca,p)=i 


cos {2x — 2t) — cos (2a; + 2t) 
^ Sin 2p 


cos (4x — 4^) — cos (4a: + 4<) 
2 Sin 4>p 


+ &c. 


_ sin 2a; s i n 2t sin 4a; sin 4i sin 6a; sin 6< „ 

Sin 2p 2 Sin 4p 3 Sin 6p 

(given by Gudermann first). This result is visibly unaltered by 
exchanging x and t, that is, by commuting o> with 0. 
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11. Our first thought may be, to apply this series to the case of 
a circular parameter. But if we assume = which 

yields (from Mesonome y) — factor sin2nt changes 

to an Anticyclic, with great damage to the convergence. Yet let us 
examine it. We have now 

which converges if ^ is < 1 or y < ^tt, as indeed if implied in 

the parameter (^tan*-*^ being finite, with y Mesonome to Nor 

2 

is this all: but from Art. 4, 11 and fl can be found from one another; 
hence of p and q we may choose the smaller. If p is > c, when 
p = c* tan*-^, then j is < c, where q = cot^ifr = c” tan*-^,. By passing 
from p to q, we pass from i|r to from Flbyfr) = By to A’(6i/rJ = By^, 
and yy^ being Conjugates, you have y + y^ = therefore of y and 
Pa one is less than Jtt. 


Thus, by rightly selecting p less than q, the worst case of con- 
vergence, incurred in 


sin ^nx 
n Sin 2np 




is the extreme case of y = ^tt, which makes the series 


But 


- sin2n® c!- t \ 

2 — gr — . bin inp). 
n Sin . 2np ' 

Sin 2np = 2 Sin np . Cos np. 


Hence our worst case is 


sin2wa! sin 2a! sin 4a! sin 6a! „ 

2n.Cosnp 2C^ 4 Cos 2p 6 Cos 3p 

Thus, to our surprize, Gudermann’s formula in Art. 10 solves the 
case of the circular parameter also, if all is to turn on the convergence 
of the series. 

Perhaps it will now be found that Gudermann’s elaborate tables 
of log Sin a! and log Cos a!, though only to eight decimals, do really 
give us mastery over 

^ sin 2nx q. 4npy 
^»Sin2np*®^“’~* 
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MOBE DIBECT BBOCESS, FOB THE LAST. 


But in evety case, the trovhle of finding the Mesonome y from a given 
i/r, according to received methods, may be as vexatious as our main 
problem. 

[Cor. In this calculation we need to find y as well as x, from 
F (byfr) as well as F (c6)), but the successive 6,6,6,. . . needed to find 
y follow the law of Lander and not that of Gauss. This seems 
to give a^antage over Arts. 13, 14* below.] 

12. Tol'-deal with circular parameters, we may also apply La- 
grange’s scale to the Hypemomiscus. Of reciprocal parameters p 
and q (which make pq = c*), one must be less than c. Let jp be < c, 
also c<6. Let follow the law of Lagrange’s scale. Also 

let p,r be disposable constants. Write 11, for 11 (c,o),p,) and T, for 
T(pf Then 


n = f — _ f 

* Jol+P, sin*®, Jo !+!>,■ 


(l-h6)c;j’ 

[(1 -t- 6)* sin*® . sin*®*] 


_ f A* (c®) (1 + 6) dF 
J A* (c®) p, (1 -I- 6)” sin*® cos*® ‘ 

For from F = ][ (1 + c,) F, we have F, = (1 -f 6) F. 

If now V = sin ®, our denominator is of the form 1 ± av® — /3v*. 
Take p^ and r so as to make this denominator to be (1 -hpv*)(l — rv*). 
First put 

® = ^TT, v = l, .-. (1 +p) (1 - r) = 1 - c* = 6*, 
then — r is conjugate to p. Next, equate coefficients of v*, 

.'. pr = p, (1 + 6)*, or p^ = . 

[Remember that p — r = pr — c*, by law of conjugates.] 

Make g, reciprocal to p,, that is. 


■ u+sr 


Then from 


Fi2i = c, 


you have 

Fi + i,y yo'i ‘la-ve g, - ^ 


whence f. = (1 +y.) (1 + ;.) = tlL +t l ' >^1 , 

of which the numerator = c* -H (4 — 2c*) pr -J- p®r*, 
or (pr — o*y + 4pr or (p — r)* -H 4pr or (p -f r)*. 



HYPERN0MISCU8 BY LAGRANGE’S SCALE. 
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Hence 




p + r 


(1 + h) \/{pr) ' 

We have now n, = f I • dF. 

Jo{i- +ptr){l —rv') 


Let 


1-c* 


M 


(1 + pv^) (1 — rF) + pv* 1 — rv* 

multiply by 1 +pv^, and make 


L 


1 + _p + c* 


But p + c* =p + 1 . r, 


1 + rp * p + r 


P+r p+r ^ 

So M=^^(l-r-^). 

p + r^ 

Thu, n, = f(i + i)J^ dP. 

Jo p + rll + pv^ 1-rv^j 

Multiply by v'^i 


p + r 


(1 + b) •Jipr) ’ 


\/T ip) = >J{pr) (p"‘ + 1) 

VT (- r) = >s/{pr) (r 
V^iHj = \/Tn (ccop) +^Tn (c, ia,—r), 
a very elegant property. 


But 

and 


"?'^|.Art. 


dF. 

23 ofCh. X. 


13. Pass from Hypemome to Hypernomiscus. Make <» = Jtt, 
o)j = TT according to Lagrange’s scale, 

.*. 2^^111 (c,p,) = ^/TTl {cp) + v'^TI (c, - r). 

Multiolv bv 1 ^ _ F (coy) 

Multiply by F{c,^ 7 r) 

and subtract from the Hypemomes of last Article, 

V 2 ’,P, = VPP (cap) + VTP (c® - r), 

or X2 + Hg = Xlj, ft — fig = tan“* {V (pr) sin w . sin ©*}. 

With this combine from Art. 5, and obseiwe that 

V(pr) = Vp, • (1 + b), 

V (pr) sin w sin ®“ = V'p, . (1 + 6) sin to sin w* = ^/p ^ . sin ®j. 

N. E. I. 13 
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REDUCTION OF fl BY TWO SCALES COMBINED. 


Eliminate fl, fl - ^ tan“‘ {>Jp ^ . sin Wj), 

the equation of reduction. Repeating it n times, you get 
fl — 2~"fl„ = \ tan“‘ (VPi sin »,) + J tan“* (Vp* sin <»,) + ... 

+ 2'“ . tan“‘ (Vp„ . sin ft)„) 4 .... 

Make n = oo , = 0, p„ is < and vanishes also. Then by Art. 4 

fl^ vanishes, and much more does 2‘“0^, 

.'. iKc ^ • 2”" tan"‘(\/p„ sin <»„) , where » = 1, 2, 3, 4. . . . 

The remaining trouble is, to calculate the series pp,PjPg.... 


14, Legendre has gone befor^ us herein. Let = c/. We 


Hence 


_ _ P p + _ p* 1 + 9 

* - (1 4 by ~ (T4“6)* • TTp “ (JT+ft? ■ T+p ' 

1 = 1 4 p ] 


1 +p 


p, VI + &/ ' p, p* ’1+9 (1 + 6)'" ■ 1 + 9 ■ 

Thus, to exchange, p and q exchanges Pj and q^; also q^ is deduced 
from q by the same law as pj from p. 

Indeed if p = cot*'>|r and p, = cot’‘^fr^, the relation of p, to p yields 
^ , cot -Jr . A (bylr) 

i+i, ■ 

as in the scale of Gauss, in which the successive conjugates to the 
amplitudes are mutually related by the very same law as are the 
successive amplitudes among themselves. 

In that scale, if sin \ = b„ sin we infer 
sin tan 

Legendre’s rule then is : Having taken ■yjr such that p = cot*'^, find X 
from the equation sin \ = 6 sin •<|r; then from X derive in 

succession. From deduce by the law 

b^ sin -*Jr^ = sin Finally you attain p,p, . . .p„ by the relation 

Pr = COt*l/r_. 

15. Let p, = • c„, then from 

_ p p 4 o’* 

^^-(T+by TTp 


we have 


. _ Ic fc 4 c* 

*‘‘’‘■ (1+^*- iTfc’ 
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195 


but 

or 


c - • I -I 

(1 + 6)'’ •• ‘‘“‘-l + ic’ 

l+_t = l4. ^±i_(l±«)(l±c) 
- i ^ 1 + ic 1 +7c ' 


If then Z* < 1, 1 ± Z being positive, so is 1 ± ^ and Z, is < Z. Hence 

* 

ZZjZjjZg... is a decreasing series. Therefore decr^se wore 

rapidly than cc^c^c^.... 


16. Notwithstanding all that can justly be said of the rapid 
convergence of VjP, • sin w,, the labour of computing with any ac- 
curacy, first CjCgCjC^..., next next \ next •^,'^s'^s- • 

next PiPgPg... with a view to tan"’(Vp^ sin o),.), must at best be 
formidable: and if (we have tables of Sinw or log Sin «) the question 
will be, whether the process of finding the Mesonomes to co) and to 
6'^ is more troublesome than to calculate the fivefold series of c,, a),, 
and p^. 


17. Variation of the Parameter. Suppose c and w to be con- 
stant, p to vary, then 

'^=1 P. ; )dF=j „ 

dp J 0 dp \1 -i- p sm‘ Q)J J 0 [1 + p sin (oy 

By Ch. X. Art. 5, if Q = a + /Sv' + Hv*, with v now for x, and r for w, 

_ f 

j(i+pvrvQ’ 

we can reduce iS^. To adapt it to present service, we have only to 
make r = 2. 

We have from that Art. 

» v.>yQ(l+pvr-^ = A.Sr + B.S^, + C.S,„ + P.S^,. 

We assume Q = (1 — v‘) (1 — cV), and when r = %G vanishes, having 
(2r — 4 ) as a factor. /Sj = H ; 


r \/Q (1 + !>»*)'* = -4 . /Sj + B8^ + I)S_^, 


■ _f dF _ d(pU) 
_^-}{i+pvy- dp, ’ 


/S, = n 


a = l, -iS = l + c*, 7 = c*. 


No'" 
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VARIATION OF PARAMETER, 


We had 

A = {2r- 2) (a - + yp-*) = (2r - 2) (1 + p'^) (1 + cy% 

-B=(2r- 3)(a - 2y6(p-* + Syp-^}. 

Put r = 2, A = 2Tp~^, also 

A + B = a — 7 p“* = 1 — c*_p”*. 

Now r = (1 +^) (1 + 1 + ^ + c*p~^ + c*, 

1 - c*p-*, or A + B=~, with Ap = 2T. 

dT 

Again, +I> = (2r — 5) . 7 p“*, or = — c®p'* = ^ “ 1» with v = sin <». 


Hence 


1 + pd 


-A.S, + B.8, + D.S_„ 


where 


dF _ d(pTl) j, c?n 
)(l+pw*)* dp ^ dp ’ 


" l+pi^ 


= {A+b}.u + Ap.^-d(f+^,.¥^£: 


To make the two first terms an exact differential, multiply by 


then integrate: (differentiation verifies sufficiently:) 

<"' - ^> 1 ? (‘ - f ) • 

c* . . dT 

In the last integral, restore ^ for its equivalent ^ ~ ^ il* 

becomes (F-E) 

so that the right-hand member becomes 

Couple the first and third terms into <^T{Il — F) which vanishes with 
p. Thus we may begin the other integrals from p = 0, without any 
constant of integration that might contain c and a>. 


becomes 


(F-E)\- 



CORROBORATION OF ARTS. 22, 23. 
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18. This last integration by Legendre gives a direct method of 
attaining II, when T is positive, without passing through imaginary 
arcs, as in Ch. x. Arts. 22, 23; therefore the corroboration will 
interest us. 


We must first 


integrate 


/. 


dp 

VT 


and 


r dp 
JoP^T' 


Let p = c* tan’^/r, aJT~^ = sin . sin yfr^, 

dp = 2c* tan . d tan = 2c* tan yfr . sec’-^di^, 


and 


. , cos ytr 


'f' ■ lit)) ■ 

= J 2c* tan^tfr . — 2 tan . A {byjr) — 2E (byfr) 

by 8** formula in the Table of Ch. l. Art. 2, 
and 




Hence 


ivVQ-f 

Jo 


dp 


o(l +pv‘) 

= tjT . (n — F) + F {tan yfr . A (b"^) — E (6^)] +{F — E) . F (6^). 


Take first 


Q _ , and divide by F, 


^/T |l - = {tan ylr . A (bf) - E (bf)} + (1 - . I* (bf) 

— tan . A — J (6^). 

This agrees with Ch. x. Art. 22, though what there was called is 
here yfr. , 


Multiply the last by Ficat) and subtract the result from the 
previous equation of Art. 17 in which a was indefinite. This process 
eliminates 

tan ^ . A (6^) - E (b-^) ; and F(oa>) .F(b. yfr). 

Observe that E (ca} — itJ^(co>) = 0 (coo). 
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COMMUTATION IN CIRCULAR PARAMETER. 


19. Thus we obtain 

- n.-?) -(^-t 

= \IT .P . (cap) — 0 (Cjw) . F (b^lr) 

and it remains to reduce the left-hand member, in which 

1 V \/Q = sin fi) cos £i> A (coj). 

Observe that 

hdp __ P ^dp _ p 
(1 + pv^) " 1 ■ 1) V2’ “ 1 + K 

.. P _ c'tan'-^Jr c^sin®-^ 

^ l+v®p 1 -I- 8in®o) , c® tan®'»/r cos®i/r + c®sin“ft».8in*'^ 

_ c® sin*'>|r 
1 — A®(ctB) . sin®-^ ’ 

/n f c® sin o) COSO) /■ A® (co)) . sin®)^ 


(l+pv’‘j\/T A (c 


A*(co)) . sin*'\^ 


cos 0 ) r A® (C( 

• Jl^^ 


(ccoj sin®-^ 


A (Tftin ^ Y _ , X , 

1 _ A®(ca)) . sin»)/r “ (1 - A®(co)) . sin®^^ j ‘ 
Hence if +r' = — A*(co)) a negative parameter to modulus b, 


f n (&frO- 

Jol — r . sm^ ^ 


Thus the new equation is 

C* sin ft) cos ft) irr/r M TT/T irtj . v v , 

— • in {h>JfT ) - F (6-f )) = ^T.P {cap) - 0{ca ) . F {bf). 

Each side vanishes when p = 0, = 0; therefore no constant of inte- 

gration is needed. 


20. Further T (-H r) = (1 -f r') (1 + 6®/"*) 




sin'o) . 


C®COS*0) 

A® ’ 


whence 


JT{r')>= 


c* sin a cos a 


V V' / \ 

A (cft)) 

Thus, distinguishing T{r') from T(p), we have 

•JT(r') {n {byfrr') — F (fr^)) = JT (p ) . P {cap) — G(ca ) . F (b^). 
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199 


Make or = oo . Then by Art. 3 above 


JT (p) . P (cap) = ^TT 
.•.^T(/){n.(r')-i;}=i7r 




F (bylr) 


Multiply this by subtract the result from the^enultima. 

Then JT(r') . |n Qy^') - U, (r') . 

= JT(p ) . ^mp) - |l - . 
Here the left hand is JT (r) . P 


2 3 

21. If then we write fiftfl as in Arts. 4 and 5, related to ele- 
ments the three parameters being 

p = cot’‘-«|o, q = c^^tan^^lr, —r= A*(&^), 

2 3 

we may suppose that the change of c®'^ to changes ililQ, to 
2 8 

This may be called Commutation. [Only in circular Para- 
meters c changes to 6.] In the last Articles we had p = c^tan®-^, 

hence the JT .P{c(op) of our last equation must be interpreted as 
2 

12. Further we have x, y as Mesonomes to F{c<o\ F(b-\fr). Hence 
our last equation may stand as 

2 3 

^TT . (12 - ■^) = (|7r - ar) . y. 

1 

Only algebraic combinations are now needed. 


3 ^ COS 

22. In Art. 5, tan (12 — H) = : - . sin ® sin ®® 

' 'cos 


Commute: then 


X /tT, »T»\ bco8a> . . 

tan (V — w) = — — 5 . sm vr sin ylr. 
^ ' cos®* ^ 


But here the right hand, by Art. 4, 

= cot (12 + 12 -H x), i^TT — ('V — '^) = 12 -I- 12 + a?, 


or 


2 3 

(Jtt - ®) - (12 + 'P) = 12 - '5^. 



EELAWONS OF Oftii TO 




2 8 

From this and the result of Art. 21 eliminate fl — . then 

Jw (H + ■4^) = ( J -a- - ar) ( Jtt - 2 ^), 
which is symmetrical as between the leading integrals. 


23. Again, from 


* / . A . A\ •sino) sin-i^ 

tan (a; + + n) = , 


sin ft)'' siu'^. 


by Commutation you deduce 


* /.%?#•. Jr\ sin dr sin ft) 

tan(y + 4^+M')= . -J- . — s, 
^ jSinV^g sino)“ 

8 3 2 3 

.'. a! + n + f2 = y +^ + ^, 


which does but give 


^7r(NP'-Xl) = (i7r-y)«. 


The great practical fact is, that when c is so large as to make con- 
vergebce slow, we need no reverse methods as with F, G and *1, but 
by Commutation we can pass at once to a ^ which will give us thd 
advantage of a very small modulus 6, and then from this 4'' we can 
Reduce our SI. 

Any Hypernomiscus is thus in every case calculable: then from 
it by aid of the complete Hypemome any indefinite Hypernome or 
Paranome is in our power. Thus, in demonstrating our ability (when 
occasion requires) to evaluate these integrals, the treatise may seem 
to have reached its goal. But with three independent elements, 
even a single calculation is necessarily very laborious. 

It would appear that the entire theory of the Paranome is due 
to the genius of Legendre. 


END. 
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